TPAMEZA OEMATQON AIABAOMIZMENHZ AYZKOAIAZ 2024

[ v e&étaon ota Madnpotued g Opadac Ipocavatolopod OeTikdv Lmovddv Ka
Yrovddv Yyeiog kar Thg Opddog Mposavatoropot Tmovddv Owovopiag kar IIApoopikic
ot I’ ta&n Hpepnoiov ko Eorepivot Fevikod Avkeiov woydovv o eERc:

L. Xtoug pobntég/ipieg divovton téooepa (4) Bépata amd TV eE€TaoTEN VAN, LE TOL OTTOT0L EAEYYETOL 1) YVAOT
EVVOLDV KOl OPOAOYIOC, 1 OLVOTOTNTO. OVOTTOPOYWYNG YVOOTIKOV GTOEI®MV, 1) IKOVOTNTO EKTEAECTC
YVOOTOV oAyopiBumy, 1 wovotta Tov pafnt| va avokvel, vo. cuvBEtel kon vo emeSepydleton
OMLUOLPYIKA £voL GEGOUEVO VAIKO, KOBMG Ko 1) IKOVOTITOL ETAOYNG KO EPOPLLOYNG KATIAANANG HeBOO0V.

Il. Ta téooepa Bépata mov divovtal 6Tove/oTic pabntés/- NTpleg dtopbpdvovtar mg €Ng:

a. To mpmdto Bépa amoteleitor amd epouroTe Bewplag mTOL APOPOLV EVVOLEG, OPICUOVG,
Mupato, Tpotdoels, Bewpnuota Kot topicpata. Me to 0€pa avtd ehéyyetal 1 Katavonon
TOV PACIKOV EVVOIDV, TOV CTOVOMAITEP®V CLUTEPUCUATOV, KOODG Kot 1) onuacio. Tovg
TNV 0pYAVOOT LG AOYIKNG SOUNG.

B. To debtepo Bépa amotereitar amd pion AoKNON TOV Elval EPOPLOYN OPLGU®V, OAyopiOuwy 1
TpothoewV (1010TNTOV, Be®PNUATOV, TOPIGULATOV).

v. To tpito Bépa amoteAeiton amd pio doknon mov amoutel amd Tov uadnTi/Ipo tkavoTnT
GLVOLAGHOD Kot GUVOESN G EVVOLDV KOl ATTOJEIKTIKAOV 1] VITOAOYICTIKAOV SLOOIKAGLOV.

0. To tétapto Bépa amotedeitan and pio doknon i éva TpoPANUa Tov 1 Aon Tov amottel omd
oV uafnTi/Tp1or IkavotnTeg GLVOVACUOD Kol GHVOESTG YVAOCEWDV, OALA KOl TNV OVAANYT
TPOTOPOVAIDV Y10 TV AVATTLEN GTPATNYIKAOV ETIAVCNG TOV.

To dgvtEPO, TPITO KON TETAPTO OEPE PTOPOVY VO AVAADOVTUL GE EMPEPOVS EPMOTHNATO TOV

O1EVKOAVVOLY TOV padntiy/Tpra oty Aoon.

1. H BaBuporoyio katavépetor ava gikoot mévie (25) povddeg oto kabévo and ta téocepa (4)
Oépata. H xatavoun g Pabuoroyiag oto emMpueéPOVS EPOTALOTO UITOPEL VO, O10POPOTOLEITOL
kot kaBopiletar otn Satvmmon TV Bepdtwy.

210 pétnuo tov  MaBnuatikov g Opddag Ilpocavatoliopod Oetikdv Xmovddv Kot
Zrovdav Yyeiog kot g Opadag Ilpocavatoiiopod Zrovdmv Owovopiog kot [TAnpopopikng
g [Mtééng Huepnowov kar Eomepvod T'evikod Avkeiov, to dehtepo kot 10 tétapto OEpa
AapPavovtal pe kAnpoon and v Tpdnelo Ogpdtov Awpoducuévng AvckorMag, eved To
TPAOTO Kol TO TPiTo BENA eMAEYOVTOL OO TOVG/TIC O10A0KOVTEG/-0VGEC TO LLaOn .

«Ta 6épota B xow A mpoépyovror ko aviAndnkayv amd v miateopua g Tpanelog Ospdatwv
Awpaducpévng Avokoriog mov avamtdydnke (MIS5070818-Tpanela Oepdtov Aafaduiocpévng
Avokolog yio ) AgvtepofdOuia Exnaidevon, I'evikd Adkelo-EITAA) kot givor dtadiktvakd 6to
diktvakd tOmo  1tov  Ivotitovtov  Exmawdevtikng  TloArtkng (LEIL) ot devbuvon
(http://iep.edu.gr/el/trapeza-thematon-arxiki-selida)».
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TOAA 2024 OPIO ZYNEXEIA ZYNAPTHzZHZ

EKOOQONHZEIZ OEMATQON B ANA NAPATPA®O

1.2 EYNAPTHZEIZ (7)

Y10 oyfuo divetal 1 YpaQIKn Topactaot pog cuvaptnong f.

r )

A

a. Na Bpeite to medio optopov kot o cHvoro TIH®Y T cvvaptnong f.
B. Na pocdiopicete Tov TOTO THG cLVapTNon .

v. Ioweg glvar ot cuvtetaypéveg Tov onueiov I

Movadeg (10+10+5)=25

Aivovtar ot cuvaptioeig f(X)= JX ko g (x)=Inx .

a. No opicete ) ovvéptnon f-g .

B. Na opioete ™ cuvdptnon i .

1.2 ZuvapTnoEilg
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v. Noa BpeBodv ot tetunpévec TtV onNueiOV TOUNG TOV YPOUEIKOV TOPUCTACEDV TOV

, f . .
ouvvaptioswv -gkor — , mov opicate oto epotiuata (o) kot (B).
g

Movaéadeg (9+9+7)=25
©@EMA B 28304

H ypagwn mapdotaon pog molvovoptkng cvvapmmong iR - R, diépyetar amd to onueia

A(2,2), B(-2,2) ka I'(0,-2).'Eoto eniong 1 cvvépmon g : R - R pe g(x)=|x|.
0. No Bpeite g rpés f(2), f(-2) won £(0).
B. No Bpeite ig ipés ( gof)(2), ( gof)(-2) xa ( gof)(0).

v. H ypapum moapdotacn g cvvdptmong f eaiveton mapaxdtm. No oyedidoete ) ypoeikn

napdotacn g ocvvaptnong gof .

yn
y=1f(x)
B(-2,2) A(2,2)
Ny
(0,-2)

“Movadec (8+8+9)=25

4-x?

Aivovton ot cuvaptioetc f(X) =+v9-x* ko g(X) =

a. Na Bpeite ta nedio opiopod Tov cuvaptioewv T kol g.
B. Na opioete T1g CLVOPTNCELS:

i. f-g
. f
i. —
g
Movadeg [10+(7+8)]=25

1.2 ZuvapTnoEilg
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Aiveton n oovaptnon f:R* — R ko covapton g(x) = Injl'_—x :
+

a. Na arodei&ete 011 10 MEdi0 OpLoPOV TNG GLVAPTNONG J €ivar To ddotnua (-1, 1).

B. Na Bpeite to medio optopov g cvvépmong fog.

e’ +1

e’ -1

Movéadeg (7+10)=25

6.

, XeR",

v.  Avemmléov oydel (fog)(x) = —% , vo. omodeiete o f(X) =

" +1 1-Xx
kot g(X) =In—.
e -1 1+ X

Atvetan ot suvaptioeg f(x) =

a. No anodeifete 011 10 MEdio opropov ¢ cvvaptong f eivar 1o R kot ¢ g 10 didotnua
(-1, 2).
B. Noa Bpeite 1o medio opropod g cvvaptnong fog.

y. Na Bpeite tov tomo g cvvaptnong (f o g)(X).
Movadeg (8+8+9)=25

Aivovton ot cuvoptioeig T, g kot h dote :

f(x) = In(1+ €*), g(x) = 2Inx kau h(x) = In(1 + x?).
a. Na Bpeite ta nedio opiopod Tov cuvaptioemv f kot g.
B. Na opioete ™ ovvapton f o g.
v. Na e&etdoete av ot cuvaptioelg T o g ko h givon ioeg.

Movadeg (8+9+8)=25

1.2 ZuvapTnoEilg
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1.2 EYNAPTHZEIZ (1)

Avo gtarpeieg E1 kot E2 dpacstnplomolovvial 6to ¥dpo e yedTpnong vepov. H mohtiky| tov

YPEDCEMV TPOG TOLG TEAATEG TOVG glvan dtapopetikn|. H etapeia E1 ypemver 1500 gvpod yio v

eKTOVNON NG apy kNG Herétng ko 200 evpd yio kabe pétpo Pabovg péxpt ta 15 Tpoto péTpa.

Av dev Bpebel vepd péypt ta 15 pétpa, 10te aArAlel TN ypémon omd 200 o 250 gvpd Yo kiOe

pétpo PBabovg petd ta 15 mpadta. H E2 ypedvel 300 evpd yia kébe pétpo fabovg.

a. Av f(X) eivar 1o 1006 TOL Ypedver N etaupeio E1 yio yedtpnon X pétpov fabovg, va Ppeite:
i. Tov tdmo g cvvaptong f.
ii. To mocd mov Ba ypedoel | etaupeio E1 o€ meddn mov ypeidotnke va ptdoet o Ao

12 pétpov péypt va Bpet vepo.

Ii. Av kdmolog meAdtng E6deye yia T yedtpnor tov 5050 gvpd, og moo Paboc Eptace;

B. Avg(X) givar to mood mov ypemvel 1 etoupeia E2 yio yedtpnon X pétpov fabovc, va Bpeite
TOV TOTO TNG GLVAPTNONG J.

y. Z& mowo PABo¢ oTARATNGOV TN YEMTPNON TOLG VO YEITOVEG TOL GLVEPYACSTNKAV LE
dlpopeTikn eTatpeio 0 KaBévag Tovg, fprkay vepd oto id1o Babog Kar TApwcov akplBadg
70 1810 T0G0;

0. Noa PBpeite yuo moteg tipnég g petafaintig X (nétpa Pabovg) cvpeéper n emAoyn g
etaupeiag El;

Movaéadeg [(6+2+2)+3+6+6]=25

1.2 ZuvapTnoEIg
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1.3 MONOTONEZ ZYNAPTHZEIZ-ANTIZTPO®H ZYNAPTHZH (18)

Atvetar n cuvapnon

f(x) =X -1, x>0.
o. No amodeiete 0Tl AVTIOTPEPETAL.
B. Nappeite v .
‘Ecto
fH(x)=(x+1)% x>-1
7. Noa oyediéoete 610 1810 cOGTUO AEHVOV TIC YpuPikéc Tapactdoelc Tov f, .

Movadeg (7+9+9)=25

‘Eoto cvuvapmon f yvnoimg povotovn oto R g omoiag 1 Ypopikn TG mopaotacn SEpyETal

ano ta onpeto A(3,0) ko B(0,8).

a. Na amodeiEete 6Tin T elvan yvnolwg pbivovsa oto R .

p. No Bpeite yio moteg Tiég tov X n C, givor kétm omd tov GEova XX Kot yo moteg givat

Tave omd Tov XX .

v. Na Abdoete v avicoon f(Inx) >0

Movéadeg (7+8+10)=25

Atvetor m ovvéptnon f: R —> R pe tomo

f(x)=x>+x+1.
a. No amodeilete 6tin f eivan yvnoimg avovoa 6to nedio opiopon g,

B. 'Eva omd 10 TopoKAT® GYALOTO TOPIOTAVEL TNV YPAPIKN mapdotacn g cvuvaptnong f.

Noa Bpeite moto eivar Ko vo SIKALOAOYNGETE TNV OTAVINGT GOG.

1.3 MovoTtoveg ouvapTnoEIG-AvTioTpo®n Zuvaprnon
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r ‘ B - ) i ‘ ™
AY Ay
4 4
3 3
e 2
) X X ! X
2 -1 ['ill 1 2 ! 2 ! -2 - [il 1 2 !
-2 -2
-3 -3
oxfpa 1 | k fua2 | | oxfpa 3 |
y. 1. Noa napacthoete Ypoapika v cuvaptnon |f|

ii.  Me t Ponbela g ypapikng TapaoTacng TG GLVAPTNONG |f , vo. Bpeite 1o TAN00¢ TV

plav g eiowong | X+ x +1|=2023.
Movadeg [7+7+(6+5)]=25

Aivetonn oovépmon f,petomo f(x)=+/x-1+3, x>1.

o. Na dcitete 6in f eivor 1-1.

B. No Bpeite To 6HVOAO TILOV KOODG Ko TV avtiotpoen g T .

Y. 210 mopakdtm oynuo divetal M ypagikn mapdotacn g ocvvapmmong Tokabdg ko
dyotopog y=X g yoviog XOY. Apod petapépete 10 ox€d10 6TV KOAAD GOC, Vo
oyedidoete TV Ypoeikh mapdotacn e 1 ko pe Péon To oy 1| HE OmOOVONTOTE
dAo tpémo 0OéAlete, va Ppeite To KOwaA onueion TOV YPOPIKOV TAPUCTACEDV TMOV

cvvaptiocsov T,

-t W st Lo
=
| !
=
[ |
=

S T o e Sl B

) ° Movadeg (7+10+8)=25

1.3 MovoTtoveg ouvapTnoEIG-AvTioTpo®n Zuvaprnon
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Atveton 1 ovvapon f(x)=v1-v1-x .

a. No arodeifete 611 10 MEdi0 OpLGUOYL TNG SLVAPTNONG Efvar To D, = [0,1] .

B. i. Na amodei&ete 6tLn ovvaptnon f eivar “1 -1,
ii. NoMoete v eéiowon  f (f (X)) =0, xe[0,1].

Movadeg [5+(10+10)]=25

6.

Oewpovue ™ ovvaptnon T pe

f(x)= V1= X kot X € (—o0,1].
a. Na omodeifete 6Tt vdpyet  cvvéptnon .
B. Na Bpeite T cvvaptnon .
Y. XTO MOPOKATO OYfUO SIVETOL 1] YPOPIKN Tapdotact T cvvaptnong T kot éva tunqua g

ypapikng mapaotoong me f .
No  petapépetre oto @QUAALO OMOVTINCE®V TO TAPOTAVE® OYNUO KOl TO Omoio va

GUUTANPAOGETE IE TNV LIOLOLTY YPAPIKT TaAPAGTUCT TG cvvapTnone .

v

Movéadeg (8+10+7)=25

1.3 MovoTtoveg ouvapTnoEIG-AvTioTpo®n Zuvaprnon
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Aivetar n ovvaptnon f:(0,+xo) >R pe f(X)=-2Inx+1, x>0.

a. No arodeilete 6t1n ovvaptnon f avtiotpépetan.

B. Na Bpeite T cvvaptnon .

v. Atveton emmhiéov n ovvépmon g pe tmo g(X)=1-Inx?. Noa amodsifete 611 O1
ovvaptioelg T, g dev givar ioec ko otn cuvérela va Ppeite 1o vpHTEPO VTOGVVOLO TOL R
o1o omoio woyvelf =g.

Movéodoeg (8+9+8)=25

8.

Aivovton ot cuvoptioeig f kot g, pe

f(x)=>

X+2

kar g(X)=x-2.

a. Na e€etdoete av ol cvuvaptioelg T kol g givor ioeg Kot va S1KaloAOYNGETE TV OTAVINGT
oG,
B. Na oyedldoete TIg YpUPIKEG TAPASTAGELS TV cuvapthoswv T kot h, ue
h(x) :‘g(x)‘.
v.  Me m Pondeta TV YpopIK®OV TOPACTAGE®V TOV CLVOPTNCEWOV 1 e 6010 GALO TPOTO

Bélete, va LEAETNOETE OC TTPOG T LOVOTOVia Kot To akpoToTo T cuvapthoelg T ko h.

Movéadeg (8+7+10)=25

0.

Y70 TOPAKAT® CYLO PAIVETOL 1] YPOPIKT TAPAGTOCT TNG AvVTIGTPOPNS Hog cuvaptmong f.

f

y.ll

(PLEN T - B |

[y

e

54 32 -l 011 D 3

1.3 MovoTtoveg ouvapTnoEIG-AvTioTpo®n Zuvaprnon
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Me 1t Bonfela T0v GYUOTOG VO, OTOVTIGETE GTO TOPUKAT® EPOTILOATA, SIKOLOAOYADVTOG TIG

OTOLVTNGELS GOG.

a. Na Bpeite to medio optopov kot o cHVOLO TIH®Y TG cvvaptnong f.

B. Na Bpeite Tic Tipéc f(2) ko FL(F(6).

Y. Xt0 cvotnuo a&ovov mov akolovbel va yapaete v Ypopikn Tapdotacn g f.
Movéadeg (10+8+7)=25

Aivetonn oovépmon f pe f(x)=v4-x* xe[0, 2],

a. No peletioete mv T g npog ) povotovia oto [0,2]
No armodeitete Ot
i. To ovvolo tudv g T eivar to [0, 2].
ii. Opileton 1 avrictpoen cvvapmon f g .
iii. Otovvaptioeic T xou f*eivan ioec.
Movaéadeg [10+(5+3+7)]=25

‘Eoto pia ovvaptmon f pe nedio opiopod to A = [—1, 4] Kot pe ypaikn mopdotacn C, mov

(QOIVETOL OTO TOPOKAT® GYT|LLOL.

! VR RO O
FH

1 2 3.4 3

Meketwvtog m C; :
a. va dikaroloynoete Tt opileton n avtiotpogn cvvépmon f g f,
B. vo Bpeite ta onpeio topng g C; pe v evbeia y =X,

Y. Vo oyedldoste ™ Ypapikh mopdotacn g L.

Movadeg (8+8+9)=25

1.3 MovoTtoveg ouvapTnoEIG-AvTioTpo®n Zuvaprnon
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‘Eoto po cuvapmnon f g omoiag n ypagiky Topdctocn GoiveETol GTO TOPUKAT® GYNLLO.

y
A

5

4
3
y= f(xk

1

-2-10l 1 2 3 45§

Meletmvtog ) ypoeikn topdotacn g T va Ppeite:

0. 70 Edi0 oplopov Kat To oHVOAO TGOV ¢ T,

B. ngtwés f(-1), f(2) xon f(5),

Y. TO OMKO HEYIOTO KO TO OAKO ehdyioto g T, epdcov vapyovv,

4. v TR g ovvleong fof oto —1.
Movéadeg (6+6+7+6)=25

Aivovtar ot ovvaptioeigf (X) =X +1-1 kot g(x) =2—-X.

A. Nao Bpeite 10 nedio opiopod Twv cuvaptioewv f koig.

B. Na anodeiete 011 y1o0 X € (—0,3] n (Fog)(X) =+/3—-%x —1.
I'. Na amodeifete 611 1 cuvaptnon ¢(x) = (fog)(x) elvar avioTpéyun Ko vo opicete v
aVTIoTPOPO TNG.

Movadeg (5+10+10)=25

Aivovtat ot ovvoptiostg f kat g pe f(X) = In(X-2) + 5 yio k@be X > 2 ko g(X) = 2X-1 pe XeR.

a. 1. Na oarodeilete 011 M cVVApPTNOT § Eival OVTIGTPEYIUT.
ii. No Bpeite ™ cvvapmon g .

B. i. Nampoosdiopicete To edio opiopod e cuvaptong fog™.
ii. No Bpeite Tov TOMO TG GLVEPTHONG fog .

Movéadeg [(6+7)+(6+6)]=25

1.3 MovoTtoveg ouvapTnoEIG-AvTioTpo®n Zuvaprnon
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Aivetar n cuovaptnon f(x) =In (1— e~ ) .

a. No Bpeite To medio optopod TG Kot va amodei&eTe OTL AVTICTPEPETOL.
B. Nappeite v .
Movadeg (14+11)=25

1
Aivetar ) ovvaptnon f pe nedio opiopov 1o [0,+), chHvoro TiudV T0 [_E’l) Kot TOTo

3

fo=1-—=—.

1
Atveton emiong n ovuvaptnon g pe nedio optopod 1o [—E,l) , 6OVOLo Timv 10 [0, +00) Kot TOTOo

000 = [1+ 2sz'
1-x

Me dedopévo 6t cuvaptnon T eivon 1-1,

a. No anodeilete 6T1 M cvvaptnon g ivou n avtiotpoen g cvvaptnongf .

B. No anodeifete 6t1 F(X) <0 xar g(x) >0 yua kabe X mov avrikel oto [0,1).

7. Na amodeifete 611 ot ypoagikés mapactacelg C;, C; tov cuvapticenv f , g avtictoya

dgv €yovv Kovd onpeia.

Movéadeg (10+7+8)=25

Aivovtan ot cuvoptioelg T kot g dote:

f(x) = In(1+ e*) xou g(x) = 2Inx .
a. Na Bpeite ta medio opiopod T@v cuvoptioswv f kol g .
B. Na opioete ™ ocvvaptnon f + g.
y. No peketioete ™ ovvaptnon f + g og Tpog ™ povotovia.

Movadeg (8+8+9)=25

1.3 MovoTtoveg ouvapTnoEIG-AvTioTpo®n Zuvaprnon
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Aivovton ot cuvoptioelg g kot h dote :

g(X) = 2Inx , x>0 xor h(x) = In(1 + x?), xeR.
o. Noa amodeiEete OTL :
i. H ovvaptmon g eivar avtiotpéyiun
i. g™(x) = eg, ue XeR.
B. No opicete T ovvapmmon hog™.

Movéadeg [(5+10)+10]=25

1.3 MovoéTtoveg ouvapTnoeig-AvrTioTpopn Zuvaprnon
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1.5 IAIOTHTEZ TON OPIQN (2)

L @EMA B 15 24768

OewpoVLEe TIG GLVAPTNOELS LE TOTTOVG

f(X) =% —x+1xon g(X) =v4x-3.

a. No orodei&re 011 Yo kébe X € R 1oyver f(X) > %

B. No Bpeite ™ ovvaptnon h=gof.
v. Av h(X) 5| 2x 1| givau n ohvBeon tov epwTiuaToc B), vo vroloyicete To OPLO

lim ) -1
x50 Jx +1-1

Movéadeg (6+9+10)=25

Aivovtar ot ovuvaptioelg f,g pe

f(x)=e>"2, xeR ko g(x)=Inx>.
a. Na Bpeite 10 medio opiopod g g .
B. Na Bpeite v cvvaptnon gof .

v. Avg (f (X)) =6X+4, X € R 161€ vo. vroAoyiceTe TO

Iim(gof)(x)—nuzx—4

x—0 X

Movéadeg (4+8+13=25)

1.5 18160TNTEG TWV OpPpiwWV
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1.6 MH NENEPAZMENO OPIO ZTO x, (2)

Aivovtal o1 GUVOPTNGELS

f(x)=In(x-1) xa g(x)= i

o. No e£eTdoETE OV VTAPYOVV TO TOPOKAT® OPLOL ALTIOAOYADVTOG TV OTAVINGT GOG.

. limf(x)

x—1"
ii. Iin"ll a(x)
B. No Bpeite
I. 1o medio opropov g g
ii. to Iirrll(f(x)-g(x)).

Movéadeg [(7+8)+(4+6)]=25

2T0 TMOpOKAT® oYU OIvETOL M YPAPIKN Toapdotacn upioag ovvdptnong f, yia v omoia

yvopilovue 0Tt €lvar GuveEXNS Kot TEUVEL TOV AEova X X o€ €va Lovo onueio pe tetunuévn —2

Kat tov aEova Y’y o€ éva pdvo onpueio pe tetoypévn 2.

r .

1.6 Mn memepaopPEVO OPIO OTO X,
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0. Ao ™MV Ypapikn TopdoTao 1 e OTOOVONTOTE AAAO TPOTO, VO TPOCIIOPICETE T, OPLOL:

i. limf(x)

x—0

ii.  lim f(x)

x—>-2"
iii. Xlir_r}f(x)

B.  Na Bpeite ta Opro:

i. lim

)
i lim In(f(x))

KOLL VO 0LTIOAOYGETE TNV OMAVTN G| GOC.
Movdadeg [(4+4+4)+(6+7)]=25

1.6 Mn memepaopPEVO OPIO OTO X,
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1.7 MH NENEPAZMENO OPIO 2ZTO ANEIPO (2)

Aivetar ) ovvaptnon f(x)=e" -1, xeR.

a. No omodeilete 0Tl avVTIGTPEPETOL.

B. Na Bpsite mv .

»

Y. ZT0 OmAovOe oyfuo Sivetonl M YPAQIKY TOPACTOCN TNG
ovvaptong f kot g gvbeiog y=x,  omoia epdmteTon TG
Ct 010 povadikd kovd toug onpeio, TV apyn TOV aEOVOV.
Na oyedidoete ™ YpOEIKN TOPACTACT] TNG CLVAPTNONG
ft.

\,

Movaéadeg (7+9+9)=25

Atvetar m yvnoiog advéovoa cuvaptnon f:R — R.

a. Narboete mv avisoon f(x*)<f(x).
B. Av o’ <o, ToTE VL 0modeifete 6T

tim ([#(o" ~a)=£(0)] x) ==
v. NaAboete my séiowon f(e* —1)=f(0).

Movéadeg (8+9+8)=25

1.7 Mn mMeENMEPAOCHEVO OPIO OTO ATEIPO
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1.8 ZYNEXEIA ZYNAPTHZHZ (8)

BOewpolLe TN GLVAPTNON

f(x)=(x—1)2 -1, x<1.
a. No amodeilete 6tin f givan yvnoimg ebivovsa oto didotnpa (—oo,l] .

B. Na Bpeite to ohvoro Tipnmv g .

v. Na omodeitete 611 vdpyet N cvvaptnon ' Kot vo peTapépete oV KOAA GOC 1| GTO
QUALO QIAVTACEMV TO TOPUKAT® GYNUO LE TNV YPOQEIKT Tapdotact the T kot to omoio va

GUUTANPAOGETE [IE TV YPOPIKT TOPAGTAcT TG cuvaptnong f .

Y= f(x) yox

O
o b2 W e L G ] GO
¥
x
x

32 AN 2 3 4

Movadeg (9+8+8)=25

Aivetal n cuvaptnon

f(x):xi, xeR.
e"+1

a. Noa armodeifete 6Tt givan yvnoiog pbivovoa kot va Bpeite 10 GHVOAO THOV TNG.

B. No artiohoynoste yiori aviiotpépetar kot va Ppeite v .

Movéadeg (13+12)=25

1.8 Zuvéxeila ouvaprtnong
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310 mapakdTo oynuo divetal  ypoeikn mapdotacn pag cuvaptong f ue medio opopov 1o

D; =[0,2) U(2,3) U (3,5], n omoia tépuvet Tov GEova X X o€ Vo POVO onpeia, e CUVTETOYHEVES

(0,0) xou (4,0). Eniong, dtveron 6t f(1)=1. Me Bdon 1o Tapakdatom oynuo:

'y

5

4

3

2;&‘0

1

0 >
21 | 12 yay 6

-2

»

a. vo Bpeite ta onueio acvvéyeag g T artioloydvrtag v andvinot cag.
va g€etdoete avn T eivan ovveyng oto [0,1] artioloydvtog Ty amdvinon cog.
v. va Bpeite Ta TapakdTo Opla
. . |
i. limf(x) ii. lim——
x—4 x—4 (X)
Movéadeg (8+7+10)=25

Y10 duthovd oynua divetor m ypaeikn moapdctacn piag cvvapmong . I'vopiloope ot n f

naipvel  Oetikég TIES Kovid oto 5L Kot 0 oploVTIOg AEOVOG EQAMTETOL OTN YPOUPIKN TNG

TOPAoTOCT 0TO ONUELO OVTO.

Ay

6 _______________________________

5

44— 1§ | ¥ | N |

3

T e e

1 ! !

- /_\_. [ .f
1 2 3 45 6 7 8 9 10111213 14

HZ

a. No Bpeite To medio 0pIoOD KoL TO GUVOAO TILDV TNG.

1.8 Zuvéxeila ouvaprtnong
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B. No egetdoete av vrdpyovv Kot vo, fpeite Ta mopakdTo opla:

i leirgf(x) ii. lemf(x) iii. leir;f(x) iv. lmf(x) V. IXILQW

IMa ta 0pra Tov SV VILAPYOVY VAL ALTIOAOYHGETE TNV OTAVTNGY| GOC.
y. Naoa Bpeite o onueia oto omoio 1  dev givar cuveyng. No aitiohoyHGETE TV OTAVINGT GOGC.

Movéadeg (6+12+7)=25

Aivetar n cuvapTnon

f(x) =+9x*+16 —gln(8x +1).

a. Na Bpeite to medio opropov g T kot vo amodeiete O6tL givan GuvENG 6TO TESIO OPIGHOD TNG.
B. Na amodeiEete 0T

f(0)>0 xa1 (1) <0.
y. No anodeitete 6T 1 e€icmwon T(X) =0 éyxer pio tovddyiotov pila oto didotnuoe (0,1).

Movadeg (8+8+9)=25

6.

‘Eoto f:R —> R pia cuvdptnon yia v omoia 1oy0et

[f(x)—2x| < (x-1)* nia k6P x e R.

Noa amodeitete 0Tt :
a. f()=2.

B limf(x)=2.

y. m T eivor ovveyng oto 1.

Movadeg (10+10+5)=25

Aivetou 1 ovvaptnon f(x) = L

e2x :

Xwpig vo xpnCLULOTOMCETE YPUPIKN TAPACTOCT:

o. Na Bpeite
i. Tnv povotovia tg cvvaptong f.

ii. To ovvolro TiudVv ™G cvvdptnong f.

1.8 Zuvéxeila ouvaprtnong
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B. No amodeiete 60Ti M gvbeia Y =3 €xet éva LOVO KOO oNUEio [LE TNV YPOQOIKT TOPACTACT

mg f.
Movadeg [(8+9)+8]=25

8.

270 TOPAKAT® OYNLO STVOVTOL 01 YPAPIKEG TOPACTACELS 2 cLVEX®DY cuvaptioemy tov T katl h,

o1 omoieg epdmrovtal Tov d&ova X’X o1o onpueio tov A(6,0).

a. Na Bpeite to medio opropov kdbe piog amd tig cvvaptioelg f ko h.

B. No egetdoete yia oo 1] TOEG A0 TIC TAPOUTAVED GUVOPTHCELS:
i. Ioybovv ol Tpoimobécelg Tov Bewpnpatog Bolzano oto medio opiopov tovg.
ii. TTaipvouv tnv tiun 0 o€ éva ecwtepikd onueio Tov mediov optoUoy TOVG.

Movéadeg [6+(10+9)]=25

1.8 Zuvéxeila ouvaprtnong
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1.8 ZYNEXEIA ZYNAPTHZHZ (3)

Atvetar n cuvaptnon g pe

g(x)=+1-x*, xe[-11]

, . . T . ,
ka1 ovverng ovvaptnon f, opiopévn oto [0, 7], pe f (Ej =1, 1éto1eg DOTE:

a.

(]

(gof )(x) = [ovvx|, yio k66 x €[0,].

i.  No anodeifete 611 ‘f (X)‘ = nux| .
ii. Na Bpeite 1ig pileg mg e&icwong f(x)=0.
No. Bpeite Tnv cvuvaptnon f.
Aivetou 1 ovvapon h:(0,n] > R pe
1
h(x)= f(x)——x :
omov f givar n cuvaptnon tov TPONYOHUEVOL EPMTHLATOC.

Na vrodoyicete 10 mapakdrtm oplo: lim h(x)

x—0

Movéadeg [(6+3)+9+7]=25

Atvetar n cuvapTnon

S

f(x)=e"+x>+2x.
No anodeiEete 6tL 1 ovvaptnon T eivar yvnoing adéovoa.
Na outioroynoete yori ) cuvapmon T aviiotpépetan ko vor amodeilete 0t £xel chvoro Tumv 10 R
No anodei&ete 6T 1 avtioTpoen cvvaptnon g eivon eniong yvnoing adéovoa.
Na Mgl n e&icoon f7(x)=0.
Movadeg (8+7+5+5)=25

1.8 Zuvéxeila ouvaprtnong

|H
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Atvetar m ovveyng ocvvapton f: R — R, yio v onoia yuo ke X = 0 1oydet:

xf (X) + cvvx :l—xznu% .

a. No amoodeitete Ot

i lim i g

X—>+0 X

i, lim f(x)=-1.

B. No amodeilete 6t F(0)=0.

v. Noa anodei&ete 6T 1 e€lowon
f(x)=0

o . . . 1
€xel pia tovhdyotov pila oto ddotnuo| —,+o |.
T

Movéadeg [(4+6)8+7]=25

1.8 Zuvéxeila ouvaprtnong
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EKOONHZEIZ OEMATQN B ANA NAPATPA®O

2.1 HENNOIA THZ NAPATrQroy (8)

, x#0
Aivetar m ovvaptnon f(x) = X , M omoia givar cuveyng oto R.

o. No amodeitete 6TL a=0.

B. No amodeilete 6Tt f'(0) =0.
v.  Noa ypayete v elowon g epantopévng ms C, oto onueio (0,f(0)).
Movadeg (10+10+5)=25

()

‘Eoto cvuvaptnon f:R - R pe f(0) =0 kot yio tnv omoia ioydet 611 Iing— =2.
X—> X

a. Na anodei&ete ot F'(0) =2.
B. Na Bpeite o Iirrgf(x) .

v. Na Bpeite 10 Iimm .
x—0 T“J.X

Movaéadeg (9+8+8)=25

‘Eoto cvvapmon f moapayoyiown oto R. H epomtopévn tg C, oto onueio g A(0,1)

oynuatiler pe tov XX' yovio 45°.

a. Na anodei&ete ot T'(0) =1.
B. Noypayete v e&icmon g epantopévng e C; oto onueio g A(0,1).

. f(x)-1
y. Na amodeiete Ot ImgL =1.
X—> X

Movadeg (8+8+9)=25

2.1 H €vvolda ThG mMapaywyou
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Oempove ™V Topaywyioun covaptnon f: [a, +oo) — R kot v cvvaptnon

g(x) :%X —%, X eR. Ovypagég nopactaceg C;, C; 1ov cuvapmocwy f,g avtictoya,

eaivovtotl oto mopakdto oynua. I'vopilovue ot
o o1 C;, C, tépuvovtar oo onpeio A(1,0).
e 1 C; dépyetor amd v apyn 1oV aZovmv.

e 1 C, dev &yel GAha ko onueia pe tov a&ova XX extog omo ta onpeic O kot A .

y
A
C‘s
X
e A\,
/ Cf
y’
, . 1
o. No vroloyicete To lim——.
X1~ g(x)
o T(x) ,
B. Aveivan Ilrrg ———= =1, va vmoloyicete 10 f'(O) .
X—> X

] X
y. No vroloyicete o lim M .

()

Movadeg (8+8+9)=25

—x*+X, x<0
Aivetar m ovvaptnon f(x) = .
nuwx, x>0

a. No anodei&ete 011 eivon cuveyng oto X, =0.
p. Noa amodei&ete 6t f eivon mopaywyion oto X, =0 kor f'(0) =1.

y. No Bpeite v e&lomon g epamtopévng g Ypopikng tapdotoacng ™mg f oto onpeio g O(0, 0).
Movéadeg (8+10+7)=25

2.1 H €vvola Tng mapaywyou
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6.

Aivetar n cuvapTnon

e* avx <0
f(x)=41 avx=0
OVVX ovx>0

a. No amodei&ete 6TL M ovvaptnon f va eivon cuveyng oto X,=0.
B. No e&etdoete av n ovvapmon f eivon mopayoyioyn oto X,= 0.

Noa Bpeite v e€icmon g epamtopévnc, g Ypoeikng tapdotacng g T oto onueio g

LE TETUNUEVN X = g .
Movadeg (9+9+7)=25

3T0 TOPUKAT® GYNIO SIVOVTOL Ol YPOPIKES TOPUCTACGELS HI0G TOAV®VOUIKNG cuvaptnong f

tpitov Pabuov, n omoia eival opiopév 010 KAEIGTO ddotnua [O, 4] , Ko ¢ mapaydyov g, T’

f 3

3A y

a. Na Bpeite v Khion g cvvapmong f oto X, =2.
B. No Bpeite v e&lowon g epantopévng (&) g ypapikng napdotaong mg f oto X, =2.

v. Navroloyicete ) yovia mov oynuatilet ) gvubeia (g) pe tov d&ova X'x .
Movéadeg (6+10+9)=25

2.1 H €vvola Tng mapaywyou
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8.

310 TOPOUKAT® oYU SIVOVTOL Ol YPUPIKES TAPACTAGELS 2 Topay®Yiomy cuvaptioemy Tav f

kot h. Kot ot 2 ypoagikés mapactdoelg epdmtovtal tov d&ova X’X ot1o onueio tov A(6,0).
I'vopiovpe 6Tt  f maipver Oetikég Twég xovtd oto 6 ko 1 h maipver apvnTikée Tipég

aplotepd Tov 6 kot Betikég Tiég de€id tov 6.

_2

a. Na Bpeite to medio opropov kébe piog amd tig cvvaptioeg f xan h.

B. Noa Bpeite, av vadpyovv, To TAPUKATO OPla, SIKOIOAOYDVTOS TNV OTAVTNOT GOg.

i lim——

. lim——=

Movéadeg [6+(7+7+5)]=25

2.1 H €vvola Tng mapaywyou
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2.3 KANONEZ NAPATrQrizHz (6)

Atvetar n cuvapnon

2

, av x<2

X—2
f(x)= ue o € R.
ax’—4, av x>2

a. Na Bpeite ta TAevpikd opro g T oto Xo =2, dnradn ta

lim f(x) won lim f(x).

X—2~ x—2"
B. Na Bpeite v Tiun tov a, dote n ovvaptnon f va givar cuveyng oto Xo =2.
y. Ava =2, va Bpeite 6mov opiletar Tnv mapdywyo g cvvaptnong f.
Movéadeg (12+7+6)=25

‘Eoto f:R > R o napayoyioyn cvvapmon pe f(0)=-2 xa f'(0)=0.

"Eoto eniong ot cuvaptioeig §: R - R pe g(x)=-x kou gof :R - R.

0. No Bpeite v Ty ( gof)(0).
B. No Bpeite mv napdyoyo g'(-2).
v.  Na Bpeite v nopdyoyo g gof oto X, =0 .
6. Na Bpeite v e€icmon g epamtouévne g YPaPikng mapdotacnc tng gof oto onueio pe
teTpunpévn X, =0.
Movéadeg (6+6+6+7)=25

2.3 Kavoéveg mapaywyiong
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Atvetonn ovvaptnon f: R - R pe tomo f(X) = xnux +4 yo kabe x € R.

a. No Bpeite mv mapdywyo g T kot va vroroyicete tig tiuég f'(0) ko f’(gj :

B. No omodeilete 6t yio T cvvdptnon ¢, pe @(x) =1f'(x) —%, X e R 1oybovv
T
¢(0) <0 ko (p(E) >0.

y. No amodeiete 011 1 e&icwon @(x) =0, &yet pia TtovAdytotov pila oto didotnua (0, g) .
Movadeg (8+8+9)=25

Aivetal n cuvaptnon

f(x)={ eX, x<0

—x*+1, x>0
a. No arodeilete 6Tt elvan cvveyng oto X, =0 Kot var 6XeSI0TE TN YPAPIKT| TNG TOPACTACT).

B. No e€etdoete av opiletor n epamropévn g ypapikng g napdotoong oto onueio A(0, F(0)).
Movéadeg (13+12)=25

Aivovtal o1 GUVOPTNGELS

f(x)=€" kar g(x)=x*-x+2.
a. No Bpeite v e&icmon epomTopévng g Ypoeikng tapdotaons e f oto onueio A(O,l).
B. No deiEete 6T M gvbeion Y =X+1 gpdmtetal TG YPAPIKNG TAPACTAONS TG J 6TO onueio
mg B(1,2).
Y. A@ol avtiypayete oty KOALO GOG TO TOPOKAT® GYNUO, GTO OTOI0 QOIVETOL 1 YPOPIKN
TOPACTOCT TNG GLVAPTNONG J, VO Yivel TPOXEPN YPOPIKN TOPAGTOOT 6TO 1010 GVGTNUA

a&OvaVv TG YPaPIKNG Tapdotacns e cuvaptnong f kat g gvbeiog y =X +1.

2.3 Kavoéveg mapaywyiong
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Movadeg (8+8+9)=25

6.

Atvovtal o1 GUVOPTNGELS

f(x)=Inx+2x, x>0 xon g(X) =e***, xeR.
a. Na opioete ™ ovvapton fog .
B. Na Bpeite v mapdywyo ¢ cvvaptnons g Kot va amodeitete 6tin ¢ eivon 1-1.
v. No opicete v avtictpo®o cuvaptnon g d .

Movadeg (9+8+8)=25

2.3 Kavoveg mapaywyiong
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2.3 KANONEZ nNAPATQrizHz (1)

‘Ecto (o ocvvéptnon f:(—oo,O)—)R n omoia eivar mapayoyloywn oto X, =-1 xor n

ovvapmon §:R - R pe g(x)=-x+1.
Atvetar 6t1 N epamtopuévn g Ypapikng mapdotaong e f oto onueio A(—l, f (—1)), €xel
e&iowon y=9g(x).
0. No Bpeite 1o f(-1) k1o f'(-1).
B. Na Bpeite:
i. 1o medio opiopo TV cuvaptioewv fog kor gof ,
il.  TIg mopoydyovg
(fog)'(z) kar (gof )'(—l).
7. No amodeifete 6t  gpamtopévn mg Cy, 670 onueio Mg pe tetpunuévn X, =2 Ko 1
gpamropévn g Cy oT0 onueio g pe tetpnuévn X, = -1, tavtiCovron.

Movadeg [5+(6+8)+6]=25

2.3 Kavoéveg mapaywyiong
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2.4 PYOMOX METABOAHZI (3)

OEMA A

Y10 dmlovo oynua eoivetor £va mapdbupo To 0moio

aroteleiton amd 10 opboymvio BI'AE «kat 10 160oKkedég
tpiyovo  ABE. Eivau AP=0,8m, BE=1,6m,
AM=x m, BI'=1m. To opatd katw pépog KA pog
niektpokivnng oitag, katePaivel mapdiinia Tpog v
apyn g 0éon HZ , pe otabepd pvbuod, mote to M va
dtaypdoet to evdOypappo tumqua AN (e AM =0).

Av E=E(x) eivar 10 eufado tov mapabopov mov

KOAVOTTEL 1) GiTal, TOTE:

a. No amoodeilete 6TL yia to euPadd E, woyvet

NG owxe(O,ij
5 2

E(x)= , 6 M.
8 16 {4 9}
—X——, QWX €| —,—
5 25 55
B. Na amodeiete 011 0 pLOUGS petafoAng tov gupfadovd E ¢ mpog X, Otav X =g m, eivon

4y 8 ,
icocpue E'| = |== m°/m.
cue B3 )=
v. Na Bpeite to puOuod petapfoing tov eppadov E wg mpog tov xpodvo t, mn xpovikn otryun yu
™V omoia 1YVEL X = % m, av divetan emmhéov 6t X'(t) = 0,08 m/s yurkade t>0.

Movadeg (8+9+8)=25

2.4 PuOuoég MertaBoAng



TOAA 2024 AIADPOPIKOZ AOTIZMOZ

Aivetarn cuvépmon fiR - R pe f(x)=x° +ZX .
a. No amodei&ete 0TL 1| €pamTOUEVN TG YPAPIKNG Tapdotacns thg T oto onueio A(a,f (a))

3

&xere€lowon y = (3(12 + %) x—2a°.

B. 'Eva avtokivnto iveitar t viyto, kotd pnkog €vog emimedov Opopov. Oesmpnote To
avTokivnTo ®¢ onueio oto eninedo OXy Kol TN YPOQIKN Tapdotacn e cvvaptnong T, wg
TOV OpOUO TOV OWTO Kveital, OTMG QAIVETOL GTO TOPOKAT® GYNMUO. € MO CLYKEKPIULEVN

xpovikn) otiyun t,, mov 1o avtokivnto Pploketar oto onueio A,, ot mpoPoieic Tov

1
eoTilovv a mvakida mov BpickeTon 6To onueio B(O, 2 j .

I.  Na Bpeite Tig cuvtetaypéveg Tov oneiov A, .
il Av o puBuog petafoing g TETUNUEVNG TOV GVTOKIVITOL T XPOViKn ottyun t,, efvan
2, va, Bpeite tov puOud peTafoANg TG TETAYUEVIG TOL OVTOKIVITOV, TN YPOVIKT GTIYUN|

t

0"

Movadeg [8+(8+9)]=25

2.4 PuOuoég MertaBoAng



TOAA 2024 AIADPOPIKOZ AOTIZMOZ

‘Eoto f o cvveyng cuvaptnon oto didotnpo [—2, 2], Yo TNV omoia 1oy vEL

2 (x)+x* =4y k60e x €[-2,2]
0. Na Bpsite 11 pileg g e&icwong f(x)=0.
B. Avn ypagikn topactacn g T diépyetar amd o onpeio A(O,l), tote va Ppeite Tov TOMO

mg f.
y. Na oyedidoete ™ ypapikn ntapdotoon g f.

6. 'Eva xwvntd xwveitar kotd pnqkog g kapmoAng me f. Kabog mepvaer and to onueio
B(-l,\/§ ), N TeTAyUEVI ToL Y avéavetol pe pulud 2 povadec to devtepdiento. Na Bpeite

Tov puoud peTafoANng TG TETUNUEVIS X TOL KIvNTOU TN XPOVIKT OTIYUN ToL TTepvdel and 10 B
Movadeg (6+9+4+6)=25

2.4 PuOuoég MertaBoAng
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2.5

OEQPHMA MEZHZ TIMHZ AIA®OPIKOY AOIrzMoOY (5)

Atvetar n cuvapnon

f(x) = x*-3, avxe[-12]
| x-1, avx €(2,5]

No anodei&ete 6TL 1 ovvaptnon T eivor cvveyne.

No omodeiete 6T 1 cvvapton f dev eivar mapayoyioyn ot Béon X, = 2.

Na efetdoete moleg amd TI vmobéoelg tov OBewpruatog péoNg TUNG, KAVOmOlEl 1
ovvapmon f oto dbotpa [-1,5].

Movéadeg (10+9+6)=25

Aivetar n cuvapnon

a.

B.

f(x)=x"-3x*-x*+9x, xe[12].
No eetdoete av 1 cvvaptnon wkavomolel Ti¢ vrobécelg tov Bewpnruatoc Rolle oto
Sidotnpa [1,2].
No amodeifete 0tin elicoon 4x® —9x? —2X +9 €yst pio, TovAd GOV, il 6TO SdoTHa (1, 2)
Movéadeg (12+13)=25

Oempovpe 1ig cuvaptioeig f(x)=Inx, x >0 kor g(x)=e

a.

—-X

, XeR.

Na Sikaroloyfoete 6T cuvaptnon g Exel ovtioTpoen Kat va amodeitete 6t g4 = —F .
Na anodeitete 6Tt (gof)(x)= 1 , X €(0,+00).
X

"Boto h(x)=(gof)(x).
Na Bpeite tov povadikd apBud & o omoiog wkavomolel To coumépacia Tov OempUaTog
Méong Tyung yia v cvvépmon h oto didotnuo [2,8].

Movadeg (9+8+8)=25

2.5 Oswpnua Méong TipRg Alaopikou Aoyiouou
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270 TOPaKAT® oy dtvovtal ol YPapIKEG TaPAGTACELS 3 TAPAYDYICIU®V GUVOPTNCEDV TOV

f ., g xat h, ot omoiec epdmrovron Tov GEova X' X 61O onpeio Tov A(6,0).

Cy

-2

a. Na Bpeite to medio opropov kdbe piog amod tig cvvaptoelg f, gxat h.
B. Na e&etdoete yio oo 1 TO1EG Amd TIG TOPOUTAVE® GUVAPTICELS:
i. Ioybovv ol Tpoimobécelg Tov Bewpnuatog Rolle oto nedio opiopod Tovc.
il. Ymdapyet pio tovddyiotov pila e mapayd@yov .
Movadeg [6+(10+9)]=25

2.5 Oswpnua Méong TipRg Alaopikou Aoyiouou
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Atveton M ovvaptnon f e
f (X) :{—5)2(2 —-3Xx+1, avx<0
X°=3x+1, oavx>0
a. Na g€etdoete av 1 cuvaptnon f eivar cuveyng oto 0.
B. Na e€etdoete av i cuvaptnon f eivar tapayoyion oto 0.
y. No OKaloAOYHGETE V10Tl LTOpOvUE Vo epapudsovpe to Bedpnua Rolle oto didotnpa

[-1,1] xar va Bpeite éva tovddyiotov Xo € (-1,1) yia o omoio oyveL f'(XO) =0.

Movéadeg (7+7+11)=25

2.5 Oswpnua Méong TipRg Alaopikou Aoyiouou
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2.5 OEQPHMA MEZHZ TIMHZ AIA®OPIKOY AOrzMoy (1)

H cvvaptnon x(t)= (t—2)(t—1)2 (ce M), Y1 k6B ypovicn otiypn t (oe sec), kabopilel

Béon evog kivnTov A, ov Kvionke Tave otov GEova, XX 610 ypovikd ddotua ord 0 sec éwg 3
Sec.
o. 1. Na PBpeite mote 10 KIvNTd A €lye ToOTNTO UNOEV.
ii. Na Bpeite ta ypovikd daotiuate Katd to onoio to Kvntd A kividnke tpog ta de€ld
KOl 0T TOV KV ONKE TPOG TOL OPIGTEPQL.
B. Na Bpeite 10 cuvoAkd ddotnua S TOL S VLGE TO KIvNTO A.

y. Na amodeifete 6Tt kaTd TN S1dpKeln TG Kivnong Tov Kivntov A, amd T ypovikn otiyun 1
5
SeC £m¢ T YPOVIKN GTIYUN 3 Sec, VILAPYEL TOVAGYLIGTOV LU0 YPOVIKT OTIYUN KATA TNV omoia

N otrypweio taydtnTa Tov A NTav ion pe TN péon TayvTNTO TOL £ixe TO A GTO JIACTNUA
avTo.

Movéadeg [(5+4)+10+6]=25

2.5 Oswpnua Méong TipRg Araopikou Aoyiouou
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2.6 ZYNENEIEZ OEQPHMATOZ MEZHZ TIMHZXZ (6)

Atvetar n cuvapnon

f(x)=x+x-1, xeR.

a. Na arodeilete 611 M ovvaptnon T eivar yvnoimg avéovoa.
Noa Bpeite 10 oOvoro Tudv g T .
v. Na Bpeite v e€iowon ¢ €QamTOpEVNS TNE YPOUPIKNG TopdoTacng TG cvvaptnong f, oto
onueio g A(l,f(l)).
Movadeg (8+8+9)=25

Aivetal 1 cvvapInon:

f(x)=-x% xe(-,0].
a. No anodeilete otin f  givan yvnoiong ebivovoa.
No amodeiCete 011 1 ' aviiotpépetar kor vo Ppeite 10 mEdio OpGUOY TNG AVTIGTPOPNG
GLVAPTNONC.

v. Na Bpeite Tov 070 TG avtioTpoenc cuvapmong L.
Movaéadeg (9+9+7)=25

2.6 Zuvémeleg Tou OQsewpnpuarog Méong TiIpRARg
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10 mopakdTo oyuo divetor n ypaiky mopdotacn thg mapaydyov fTpag moAvovouiknig

ovvaptnong T tpitov Pabuov n omoia eivar opiopévn 6to KAEIGTO StoTNO. [O, 4] .

Y

a. Tlow givar n kiion mg f oto X, =2;
B. No anodeilete otin f givan yvnoing avovoa 610 [0, 3] .
7. Na ovykpivete tovg aptBpovg f(1) kar (2).
0. No vroloyicete T0 OAOKANpOUOL J. Zf"(x) dx.
Movadeg (6+8+6+5)=25

Aivetar n cuvaptnon

f(x)= (x—l)3 -3x, xeR
a. Na Bpeite ta dtootiuata povotoviag g f.

B. Noa anodeitete 611 10 chvoro Tipmy g T 610 didotnua [2, +oo) elvat to diotnpa [—5, +oo)
y. No anodeiEete 6t 1 e€iomwon f (X) =0 é&yel o axppog Tpaypatikny piCe oto dtdoTnua
[2, +oo) .

Movadeg (9+9+7)=25

2.6 Zuvémeleg Tou OQsewpnpuarog Méong TiIpRARg
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Aivetar m ovvaptnon f, pe

1

x2'

f(x)=1- x<0.

a. No arodeilete 6t n ovvaptnon f eivor yvnoimg pbivovoa 6to nedio opiopon .
No. Bpeite 10 cvvoro Tudv g f.

y. I. NoanodeiCete 6tin T eivon “1 - 17,
ii. No Bpeite v avtictpoen ¢ cuvaptong f, mv .
Movéadeg [5+8+(5+7)]=25

6.

Aivetal n cuvapTnon

f(X)=Inx+3x+2, x>0.
o. No v HEAETOETE MG TPOS TN LOVOTOVIAL.
B. 1. Na Bpeite 10 6HVOAO TIHDV TG GLVAPTNONC.
ii. No attiohoyfoete yori n e&iowon f(X)+2023=0 &yel Oetikn Adon.
Movéadeg (9+10+6)=25

2.6 Zuvémeleg Tou OQsewpnpuarog Méong TiIpRARg
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2.6 ZYNENEIEZ OEQPHMATOZ MEZHZ TIMHZ (13)

‘Eoto f: (1, +0) > R o napayoyiciun cuvaptnon dote yio Kabe x > 1vo 1oyvet

XF)F (x) = % ko f(e) =1.

a. No amodeitete 6T 1 ouvdptnon g(x) =f?(X) —InXx, x > leivar otadepy ko va Ppeite tov
tomo ¢ f.
‘Eoto f(X) =JInx, x>1.

B. No amodeifete Ot1 1 gvbeio Tov dEpyetan omd to. onpeion A(—e, 0) kar B(e, 1) epdmteton

o1 Ypaeikn tapdotoomn g f oto B.

v. Na amodei&ete 0T Yo KaOe x > 1 10y0et
L< f2(x+1)—f?(x) <l.
x+1 X

Movaéadeg (9+8+8)=25

‘Eoto f:R >R o yvnoiog povotovn cuvaptnon g omoiog n Ypoeiky Topdotaon TEUVEL

tov GEova Y'Y o10 onueio pe tetayuévn 3 kau diépyeton amd to onueio AL In2).
a. No Bpeite T povotovia tne.
B. No amodeiete 0T1L Yo omorodnmote OeTikd apBpd o 1oyveL
f(alna) < f(lna)
v. Na Aoete v e&icmon
f(e*+Inx)=In2.
0. Oegwpolpe 11 cvVAPTNON
gx)=f(xX)+(B3-In2)x-3, xeR.
No 01T10A0YNGETE Y10TL 1] CLVAPTNON § OEV OVTIGTPEPETOL.
Movadeg (5+7+6+7)=25

2.6 Zuvémeleg Tou OQsewpnpuarog Méong TiIpRARg
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Aivetar n cuvapTnon
f(x) = In(\/x2 +1—x), xeR.

1
x%+1

a. No arodeydei ot f'(X) =—
B. Aol mpodto dikaoloynoete 0tL | ovvaptnon T aviietpépetal, va amodeydei 6t t0

nedio optopod g avtiotpoeng eivar o R .

v. Nolbein aviswon 7 (x+f(x))>x, xeR.

Movéadeg (6+13+6)=25

Atvovton o1 GUVOPTNCELS:

o f(x)=\/m-X, xeR xot
e g(x)=Inx,xe(0,+x0).
Av yvopilovue 6t N ypoeikn mapdotaocn e f PBpioketon mve and tov GEova X'X yia kb
X eR, to1e:
a. Noa mpocdiopiocete T ovvaptnon h=gof.
B. No amoodeitete ot

I. movvipmmon h eivar meprr.

ii. movvapton h eivar “1-1”.

v. Na Avbein e&icwon

h(x—1)+h(ln%j=0, x>0.

Movadeg [7+(4+6)+8]=25

2.6 Zuvémeleg Tou OQsewpnpuarog Méong TiIpRARg
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Atvetar ovuveync ovvaptnon f : R — R yia v omoia ioydovv :

o f’(X)-5=x’yaKkaPex e R
o f (2) =3
o. No amodeilete Ot :
. f(X) #0ywkabe x € R .
i. f(x)= Vx?+5 yaxadex e R.
B. Aivetoim ovvaptnon g pe g(X) = X’—ovvx, uex € R.
No amodei&ete Ot
i. H ovvaptnon g eivar yvnoing ebivovsa oto didotnua (-, 0] kot yvnoing adéovoa
oto didotua [0, +0).
ii. Heflowon F2(X) =5 + ovvX &xet akpiPic Svo pilec, avtibeteg petaéd Tove, ot omoisg

OVIIKOLV 0T0 dtaoTnpa. (-7,7).
Movéadeg [(4+5)+(7+9)]=25

6.

Aivetar m ovvaptnon T pe

f(x)=(x—-2)e*+(x-1)Inx, xe(0, +x)

a. No orodeilete 0L 1 Ypaikn wapdotacn g T téuvel tov d€ova XX o€ £va TovAdyioTov
onueio pe teTunuévn Xo oto draotnpa (1,2).

B. No Bpeite v mapdywyo covaptnon ' (Mov. 3) kai vo amodeilete OtL vdpyel LOVadSIKO
onueio g ypaeikng mapdotoong g f oto omoio 1 epamtopévn g sivor oplovtia (Mov. 8)

y. 'Evog pobntig oyediaoce og Eva Aoyiopkd ) ypoeikn topdotacn g f ko danictwoe o1t
N YPAPIKN TNG TOPACTACT] TEUVEL TOV X' X GTO ONUEI0 Xo TOV 0) EPOTHUOTOC OALE KO GE EVal
axoun onpeio. Bondnote to pabnm va anodeifel 0t mpdypatin C, tépvet tov dova XX

o€ OVO aKkpPmG onueia.
Movéadeg (5+11+9)=25

2.6 Zuvémeleg Tou OQsewpnpuarog Méong TiIpRARg
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. . -1, x<2
Aivovtar ot cuvaptioeig f iR > R pe f(x)= 2o ynp KO
—Z, X2

g:R-{2} >R peg(x) = —%x2+2x—3

0. No HEAETNOETE MG TPOGS TN LOVOTOVINL:
i. 1t ovvaptnon T kot vo amodeiéete ot f (x) >-1 ykébe XeR.
ii. 1t ovvaptnon g kot vo Bpeite 10 GHVOAO TIUDV TNG.

B. No dwatoroynoete yati n ypaeikh tapdotaon g T Bpioketor mdve amd ) ypoeikn
TapdoToon ™S g vy kafe X #2.  (Movddeg 04)

y. Aivetar o 1oyvpiopdc:

«Av f(x)>g(x) kovtd ot0 X, T0TE KO lim f(x) > lim g(x).»

Noa e€etdoete av givor aAnng 1 YeLOG 0 TOPATAV® 10YVPICUOC KOl VO OTKOMOAOYNCETE
TNV OmAVTNGT] GOG.
Movadeg [(7+7)+4+7]=25

0. Na omodeifete 6t n eéicwon e +xe* =3e?, xe (0, +oo) &yel povadwm pila mv X =2.
B. 'Evaxivnté M Eekivd and 1o onpeio N(O,l) Kot KIVelton Kot pnKog g KoOUmHAng

X

y=¢e", x>0 éto1r dote n teTunpévn tov va owéaveton pe pubud 2cm/ sec.

4 y‘h )
y=e*
M(x,y)
N(0,1),
- - I_ #X
o Ax0)

2.6 Zuvémeleg Tou OQsewpnpuarog Méong TiIpRARg
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I.  Noa amodeiete 611 10 uPadov E tov tprydvov OAM , 6mov
0(0,0), A(x,0) kox M(x,y) givar

E(X)I%XGX, x>0.

ii. Na Bpeite ) 0éom tov Kvntov, ™ Ypovikn otypn t,, kord v omoic o pvOUdS

petafoinc tov epPfadov E eivon 3e’cm? /sec.
Movéadeg [8+(7+10)]=25

0.

Atvetonn ovvaptnon f: (0, 1) U (1, +0) > R pe f(x) = % .
X

a. No Bpeite Ta opa : Ixiggf(x) ,limf(x), limf(x) ko limf(x)

X1 X1t X—>+o0
B. 1. Na peretnoete v f o¢ mpog ™ povotovia Kot To akpOTOTAL.
ii. Noa Bpeite 10 oOvoro Tiudv ¢ f.
y. Aivetou n e€icoon €* = x* (1) pe X >0. No amodeifete 611 n (1) ivar 16od0voun pe v
egiomon f(X) = a kot va Bpeite 10 TANO0G TV Acemv ¢ e€lcmONg 0WTAHS, Yo TIG SIAPOPES
TIUEG TOV TPOYUOTIKOD OplOpov a.

Movadeg [6+(5+5)+9]=25

‘Eva yodhiko pmiidpdo €xer pnrog 3,1 pétpa ko mAdrog 1,7 -

pétpa. ‘Evag maiktng ytomdet v dompn UmdAo pe TéTolo

TPOTO OGTE QLTI VO YTLANGEL TPMTO. GTO ONueio A, petd va
KwvnOet evBOypoppa péxpt to onueio B ko amd exel va

ovveyioel evBuypappa péypt to onueio I'y, OIS Qaivetor oto

Topokato® oyfuo. Aivovior ta uikn AB=x, AE=17, Al 3,1
AA=15, TE=a xot L=AB+BI' mov ekppdlovtar oe

: 1,5 d
peTpo. ’
o. No amodeitete 0T A Y

«—x—>B
L=L(x)=+x%° +2,25+1/(1,7—x)2 +a?, X e(o,%). «— 17 —>
B. Atveton axoéun 6t to L yiveron ehdytoto povo o6tav 1o B améyetr 1,02 pérpa and to A.

2.6 Zuvémeleg Tou OQsewpnpuarog Méong TiIpRARg
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. 17 x
. Av L XE(O,EJ va deiEete 0T . =1.
X2 +2, 25 17 x o’ 10

i, Av er( x) >0 7o k00 X € (0,%} , V0L VTOAOYIGETE TO Op1O Iign EPOCOV

1
OZL'(X)’
vIapyEL.

Movéadeg (7+10+8)=25

OemPOVLE TIC GLVAPTHGELS f(x):lnx+1—% x>0 kot g(x)=In(Inx),x>1.

a.

B.

No amodeilete 6t f Exet povadkn piCo v X =1.

‘Ecto (8) N EQATTOUEVN TNG YPAPIKNG TTopdotoons ™S g oto onueio T(e, g(e)). Na

e€etdoete av VITapyeL oNuEio NG YPOEIKNS Topdotoaong T T oto omoio 1 epoamtopévn va
etvon mapdAinin g ().

Ymobérovpe 6t g(x)<f(x) yoo kabe x >1. Eva onpeio M(x,0) wweitor pe otadep
ToyvtTo. 2¢mM/sec mave otov Betikd nmuaova, mpog ta defld. Oempolue to onueio
B(x ,f(x)), F(x ,g(x)) . Na Bpedei o puBpdg petaPoing tov eppadov tov tpry@vov OB
TN XPOVIKN otiyun mov 10 M PBpioketon otn 0éom (ez,O) .

Movéadeg (7+8+10)=25

‘Eoto n ovvapton g:(0,+x) > R pe g(x)=§—|nx.

.

B.

No pedetnoete T cuvapPTNOoN § ©C TPOG TN LOVOTOVid.
No amodei&ete 0t 1 e&iowon e(1-x)=xInx éxet axpiPadg pio Abon my x =1.

X% + X

Atveton 1 ovvaptnon f(x) = PeT——
e—XInX—ex

i. Noa Bpeite to medio opropov g cvvaptnong f.
ii. Na deitete ot lim f(x)=—oo.
x—1"

Movéadeg [6+6+(6+7)]=25

2.6 Zuvémeleg Tou OQsewpnpuarog Méong TiIpRARg
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Aivetar n cuvapnon

f(X)=2x+npx y ke x e R.

a. Na arodei&ete 011 ovvaptnon f aviioTpépetar.
B. 1. No Bpeite v e&lowon gpantopévng mg C; oto onpeio g A(g , T +1) .
Ii. No dei&ete 6T gvbeia Yy =2x +1 gpanteton g C, oe dnepa onpeio.

v. Na dei&ete OTU

f’(X)|33 110 K60 X e R.

, Y Kabe a,BpeR pe o <P.

ii. |f(B)—f(o)|<3p-a

Movadeg [5+(7+6)+(3+4)]=25

2.6 Zuvémeleg Tou OQsewpnpuarog Méong TiIpRARg
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2.7 TONIKA AKPOTATA ZYNAPTHZHZ (7)

Aivetal n cuvapTnon
f(x)=x*-2x, xeR.
a. Na Bpeite 6vo dapopetikovg apBuovg a, B wote f(a) =f(B). Katony va artioroynoete
ywoti ) ouvaptnon f dev avtiotpépeTar.
B. No peietoete ) cuvdptnon, Le T fondeta TS Tapaydyov 1 [Le OTOOVONTOTE AAAO TPOTO,
®G TTPOG TN LOVOTOViol Kot TO aKpOTOTOL.
v. No oyxedidoete ) ypapin napdotoon C, g f.
Movadeg (9+8+8)=25

7]

Aivetar n cuvapnon
f(x)=x(Inx-1)+1, x>0.
a. Noa v HEAETNGETE MG TPOG TN LOVOTOVIN KO TOL aKPOTATA.

B. No Adoete v eiowon XInX+1=X.
Movéadeg (13+12)=25

Aivetar n cuvapInon

X2, Xx<0

In(x+1), x>0
f(x)=
a. No eEetdoete av eivar cuveyng 6to X, =0.

B. No anodeitete 6t T eivar yvnoimg avéovoa oto R.
Movadeg (12+13)=25

2.7 TomiKd akportara ouvaprnong
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Y10 mopokdto oynuo divetor M ypagikn mapdotaon ™G mapoydyov T uiog moAvmvopkng

ovvapmnong f tpitov Pabpod n onoia eivar optopévn 6to KAEIGTO ddoTnia [0,5] .

l' A N
Y
3
2 q,.
1
-1 o1 2 4 5 X
-1
-4
-3
- A

a. IToteg eivan ot pilec g e&icmong f'(x) =0;
B. Na arodeiéete 6Tin f givar yvnoiong ebivovsa oto [0, 3] Kot yvnoing ov&ovoa 6to [3, 5] .
v. No Bpeite 10 €160g akpotdrov mov mapovoidler 1 f oto X, =3. Na artiodoynoete v

andvInocn coc.
Movéadeg (6+10+9)=25

Aivetar n cuvapInon

f(x)=x"-4x+2, x€[0,2].

a. No Bpeite ta kpioipa onpeio TG CLVAPTNONG.
B. Na Bpeite Ta oAkd axpOTATA TS GLVAPTNONG.
Movadeg (12+13)=25

2.7 TomiKd akportara ouvaprnong
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6.

210 mopakdto oxnpa dtvovron ot ypagikég mapactaoeg C,, C,, C, tpudv cvvaptoewv f, f’

kor F , omov F pio apywkn g f oto R . Me dedopévo OTL 1 YOIk TOPACTACT NG

ocvvéptnong f etvarn C,,

f N

ylk

™ v

o. 1. No HeTopEpeTe TOV TOPAKATO TiVaKa 6TV KOALO GOG KOl VO, TOV GUUTANPOCETE LUE TO

npoonuo g f xabmg kot v povotovia g F.

X —o0 X 0 X +o0
1 2

F=f 0 0 0

ii. vo Bpeite 10 TANB0¢ KOBDS Kot TO £160¢ TV TOTIKOV aKkpoTAT®V TG F.

B. vo dikaoroynoete ot ot ypagikés mapactdcelg C;, C, pe v oepd mov divovrar

avTioTo ovV oTIS cuvaptnoels f° wan F.

Movadeg [(10+8)+7]=25

2.7 TomiKd akportara ouvaprnong
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Aivetou 1 ovvaptnon f(x)= %, X €(1,+x).

0. i. Nadeigere on f'(x) <0 pe x e(1,+00).

ii. No Bpeite 10 6GOVOLO TIUOV THG CLVAPTNOTNG.
B. 1. Na deiete 6tin f avriotpépetar.
ii. No Bpeite v avrtiotpoen g f.
Movéadeg [(4+6)+(6+9)]=25

2.7 TomiKda aKporTara ouvaprnong
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2.7 TONMNIKA AKPOTATA ZYNAPTHZHZ (17)

Oewpodpe cuvapmon f:R =R §vo popéc mopaymyicn oto R ko oto mopoxdtm oyfua

Stvetal 1 YpopIKn TapAGTACT) TG TOPAYDYOL GLVAPTNONG f'(X).

4 )

I'vopifovpe ot
. xllrlf (X) = +o0, XIiﬁrpoof (x)=—o,
e 10 a, B eivarl ot TeTUNUEVES TOV HOVOIIKAOV VO onueimv ot omoia TEUvVEL Tov dEova
X'X M YPOPIKY TOPACTACT TG TAPUYDYOV GLVAPTNONG f'(X).
. f(a)<0,f([3)>0.
® 1 YPAPIKN TOPACTACT| TNG f'(X) TapovGlalel oAkd axpotato otn Béon X, .
a. No pelemndei og mpog tn povotovia Kot ta Tomkd akpotata n f (X) .
B. Noa anodeitete 6T1n eiowon f (X) =0 éyel tpeig axpPdc npaypatikég pilec.
. Na anodeifete 6Ty k60e X € R, woyder f(x+1)—f(x)<2.

Movadeg (8+9+8)=25

2.7 TomiKda akporara ouvaprnong



TOAA 2024 AIAPOPIKOZ AOrizmoz

Aivetar cvvapton f: R — R ya v onoia woydel F'(X) #0 ya kébe X e R.

a. No amodeilete 6t n ovvaptmon T eivon 1-1.

Atveton emumAéov OTL

e novvaptnon ' eivon cuveynic,

e f(0)=-1«xm f(2)=1.

No omodeifete 011 vdpyel epamTopéV) ™G YPOEIKNG mapdotaone ¢ f mov eivan

TAPAAANAN oV gvbeia Y = X.

i.  Na armodeiete 611 cvvdptnon f eivar yynoing avéovoa

ii. Na amodei&ete 6T1 M ypopkn topdotacn g T téuvel tov aova X'X o€ éva udvo
onueio pe tetpnpévn X, €(0,2).

Av g eivan pia cvvaptnon yoo v omoio oyvel 61t g'(X) =—F(X) yo kdbe X eR va

anodeiEete 0TI M g TOPOVOLALEL OMKO PEYIGTO OTO X, .

Movaéadeg [5+5+(4+5)+6]=25

Bewpovpe opboymdvio Tpiymvo pe dBpotoua Kabétwv TAcvpov ico pe 1. Avn pia kdBetn Thgvpd
TOV €YEL UNKOG X , TOTE:

a. Na Bpeite v cvvaptnon mov eKPpalel To ePPaddV TOL TPLYMVOL GUVAPTHCEL TOL X KO

va Vv eEeTdoETE O TPOG TU OKPOTATOL.
Na Bpeite Tqv cvvaptnon mov KPPALeL TNV VTOTEIVOLGA TOVL TPLYDVOL GUVAPTHGEL TOV X
Kot vo TV €EETACETE MG TPOS TOL AKPOTOTO.

No amodeiéete 611 1 péytotn Tun tov HYOLS V TOV OVTICTOLXEL GTNV VTOTEIVOVGO, TOV

, ;o 2 1
Tprydvov givon ion pe 7 otav X = >

Av 0 n o&elo yovia mov Ppioketar amévavtl amd v TAELPA X, Vo Ppeite to pvOUO
uetafoing g 0 m ypovikn otiypn t, kotd TV omoia X(to) :%, dedopévou 0tL | TAevph

X av&aveton pe otabepd pvBud 0,1m/sec.

Movéadeg (6+7+7+5)=25
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Aiveron n ovvaptnon T (O, +00) — R, pe tomo
f(x)=2Inx—x
Koum evleio €1y =x.
I'vopifovpe 6TL 1 amdctaom evog onueiov M (xo , yo) ™G YPOPIKNG TAPAGTACTG TS GLVAPTNONG
f and v evlsia £, eivar d(M, ) =~/2 [x, —Inx,|.
a. No amodeitete 6t 1 amdcToon Tov onueiov M ( Xg» yo) ™S YPOPIKNG TAPAGTACNS TNG
ocvvaptong f amod v evbeia :y = x, eivan
d(M,e) =2 (x,—Inx,).
p. 1. Na Bpeite 1o onpeio g C,, 10 onolo améyet v eAdyiot) amdotaon and v evbeio €
ii.  Na Bpeite v eldyiotn amdcTOON.
v. Na Bpeite 1o onueio g C; oto omoio n epomtopuévn g eivor TapdAinin pe v gvbeio

Yy = X Kot 61t cuvéxeln va Bpeite v e€lowon ¢ ponTopéVNG.

Movéadeg [5+(12+3)+5]=25

Me cvppatdémieypo pkovg 400 pétpwv, £xovpe Teptepdéet pa meployn oynpnatog opboywviov,
amo TIG TPEic MAEVPEG TNG, OTTMS POIVETOL GTO TAPAKAT® oynuo. H tétaptn mievpd, pe unkog X

puétpa, etvar evBuypapcéVN Katd PKog tng 0xONg evog ToTapov.

o. No omodei&ete 0TL TO UPadd TG TEPLUPPOYUEVNS TEPLOYNG CLVAPTHGEL TOV UNKOLG X, diveTan

ontd Tov TOTO:

2.7 TomiKda akporara ouvaprnong
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E(x):ZOOx—%XZ ne 0<x <400.

B. NovmoAloyicete v Tyn Tov X, Yo TV onoia to euPfadd E(X) g mepippaypévng meploymg
yivetal péyioro.

v. No vroloyicete ) péytotn Tyun tov epPfadov E(X) g mepropaynévng meployne.

0. O laocwvag oyvpileTonr OTLLTAPYEL LOVASTKY TIUT TOL X, TOL aviKeEL 6T0 dtdotnua (0, 200)
yio TV omoia to epPado g mEPIppayUEVNG TEPLOYNS, loovTal pe 300-T TeTpaywvikd uETpa.
Eivo aAnOng 1 wevodng o woyvpiopog tov ldcova,

Noa a1toAoyceTE TV OTAVTNOY| GOC.

Movadeg (8+7+5+5)=25

6.

210 mapakdto oynuo divetar 1 Ypoaeikn mapdotacn e mapaymdyov fTopog moAvmvouikng

ovvaptnong f tpitov Babuov.

a. Me ) Bonelo Tov oyNpoTog, va peletoete  cvvapmon f g mpog ) povotovia.

B. Avnypagih mapaotaon mg f diépxetar amd ta onpeio A (0,-1) kon B(3,2), 101€ va Ppeite
ta axpotata g T

y. No npoodiopicete Tov tHmo ¢ T .

8. Na Bpeite To mAibog piidv g e&icwong f(x)=o,0e R, oto didomua (0,3).

Movaéadeg (6+4+8+7)=25

2.7 TomiKda akporara ouvaprnong
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Aivetal n cuvapTnon
f(x)=Inx, x>0
xon ta onpeia A(0,1) kar B(1,3).
a. 1. Na Bpeite onueio M, g C; t€to10, ®oTE N gQantopévn va ivar TapdAAnin Tpog v

gvlsio AB.

il.  Na Bpeite v e&iowon g epantopévng 6to M, .
B. 'Eocto

E(x):%(2X+l—lnx), x>0

1 cvvapTNoN ToL EKPPALEL TO EUPadOV Tov Tprydvov ABM, 6mov M éva tuyaio onueio g
ypapikng mapdotaong ¢ f. Na amodeifete 611 To gpPaddv Tov Tprydvov yivetar eELdyioTo

otav to onpeio M tavtiCeton pe 1o M, T0VL 1) EpWTANATOC.

“'M

y. No amodeiEete 6t1 vapyer povadcd onueio M; g C, pe tetpunuévn X, 6(1,2) TéT010,

oote 10 tpiyovo ABM; va givar opfoydvio oty kopuen A .

Movéadeg [(6+2)+10+7]=25

2.7 TomiKda akporara ouvaprnong
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8.

‘Eoto f:R >R pio ntopaywyiown cvvapton. H ypaewn napdotacn C g mapaydyov ',

glva o1 0vo NueLOEeieg TOL PaivOVTOL GTO TOPAKAT® YN AVTEG EYOVV KOV apyN TO oNueio

A(O,—Z) Kot S1épyovtar 1 pio awd To onueio B(l, 2) Kot 1 GAAN amd T0 F(—l, 2) .

y
R
I'-1,2) B(1,2)
'f', .
A0-2)

No Bpeite To onueia Toung g C pe tov dova x'X .
No peietnoete m ocvvaptnon f g mpog ) povotovia.

Noa tpocdiopicete Tig 066€1¢ Kat TO €100G TV TOMKAOV akpoTdtwv g T .

» R w8

‘Eoto 611 1 ypoewkn tapdotoon e f diépyetar and to onpueio A(I,O). Noa anodei&ete 011

n evbela AA gpdmteton TG Ypopikng tapdotaong g f.
Movadeg (6+6+6+7)=25

0.

‘Evag dvopog Bpioketal 6to onueio A o KokMkng Mpvng axtivag 1 Km kot 0éhel va ptdoet

oto onueio B g AMpvng dote 1 AB va givor didpetpog tov kbkhov. OEAeL va ToL KaTOQEPEL
cuvovalovtag Vo €0 KWWNOEMV: Vo KOANAOTACEL opywKd pe Pdpka Kotd UAKOG TOv
gvbuypdappov tuquatog AP €xovtag tayvtnta 3 Km/h kot otn cuvéyeia tpéyoviac navem otny
KUKAKT TEPLOEPELD. KATA piKkog Tov ToEov PB ue tayvtnto 6 Km/h .

‘Ecto 6t n petafint yovia PAB givon 0 rad .

2.7 TomiKda akporara ouvaprnong
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a. No amodeiEete 0Tt (AP) =20uvv0 Ko 611 0 GVVOMKOG YPOVOG OV BaL YPEIGTEL O AVEPOC Y10

va kavel T petdfaon and o A oto B givan (6) =%-(2cuv6+9) ,0<0<Z,

B. Na Bpeite v Ty ™g Yyoviag 6 yio v omoiot 0 cVVOAKdS ¥pdvog petdfaong yiveton

HEYIGTOC.

v. Noa amodeifete 611 chvolo TudV NG cuvaptnong f (9) etvon T ((O,gn - {%’ T +168\/§ } _

Alvovtat: to pfikog S evdg tOEov ov avtioToyel oe emikevipn yovia X rad og kOkAo aktivog

R, givar S=X-R xo 611 (amdotacn) = (xpovoc) X (toydtnta).

Movéadeg (8+10+7)=25

B&Llovpe Vo KaTOoKELAGOLE £va Topdbupo oe pa ekkAnoia, To omoio va amoteleitan amd Evav

NUIKLVKAKS dloko kot amd €va opBoydvio, Omwg delyvel 10 mapokdtw oynue. H cvvoAiikn
nepipeTpog tov mTopabvpov OELovE va eivar otabepn] ion pe 4 M, ahAd 10 GLVOAIKO EUP0SO TOVL

Tapabvpov va etvat To peyardtepo dvvarto.

‘Eoto 011 M axtiva tov nuukvkAiov eivon (AK): XM kot T0 Yyog tov opBoywviov eival

(AA) =y m. Ovoudlovpe E(X) TO GLVOMKO gUPadov Tov Tapadvpov.

(2

Bleo--a-2ooda
| r

}."

ra O 4

2.7 TomiKda akporara ouvaprnong
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a. No anodeiéete 611 y=—n—j2Lz-X+2 Kkt E(x)=-

n+4

X% +4X, e XE(O, LJ
n+2

B. Na Bpeite v pé€yrot Tun 1oV GLVOAMKOL gUPadod Tov TapadHpov.

Y.

Ovopdlovpe X, TNV T T0L X OV peyiotonotet To epfoadov E(X) Ko E(XO) TO HEYIOTO
~In (E(x))

eupadd. Na vroroyicete o lim ———————.

x>% E(X)—E(X,)

Movadeg (8+9+8)=25

X X

Aivetonn covipmon g:[-96,96] >R pe g(x)=e% +e %,

a.

B.

No peAETNOETE TN GLVAPTNOT § OC TPOGS TN LOVOTOVIO KOt TOL KPOTOTA.

Av a>0 xu f(x)= 2a[g(96) —g(x)] , X €[-96,96] to1e:

I.  No anodeiete 61

f(x)>0, yw kabe x € (—96,96).

il. No mpocdiopicete Tov oplbpud o Otov 200}
emmAéov, elval yvootd OTL M YPOEIKN
napdotaocn ¢ ovvaptnong T moplotdvel
v ayida tov Xevt Aovig 1 omoia £xel TV 00 oyoc

310N TO TO TAATOG TNG VAL IGOVTAL [LE TO VYOG

mge.

v

X100 0 ox
y'
&¥——— AT — >

Movadeg [12+(6+7)]=25

2.7 TomiKda akporara ouvaprnong
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270 TOPOKATO GYNHO STVETOL 1] YPOPIKT TAPACTACT Lo cuveyovs cuvaptnong f oto diotua

[-3,2] n omoia mapovoidlel péyioto oto 0 10 3 kou Téuvel Tov a&ova X’X ota onpeior A kot B.

‘Eotw g 1 cvvapmon pe g(x)=F(x)+x, xe[-3,2].

'y }"

a. No amodeitete 0TU
i.  Hovvapmon g eivarl cuveyng oto [-3,2].
ii. He&iowon g (X) =0 éyel pia TovAdyiotov pila.

B. Avmnovvapmmon f eivar mapaywyioyn oto (-1,2), va amodeiEete 0TL 1) epamtopévn evbeio
NG YPOPIKNG TAPACTOCTG TG GLVAPTNONS (, 6T0 onueio mov n f mapovcidlet péyioto, Exet

eklooon y=x+3.
Movadeg [(5+10)+10]=25
OEMA A 33596

Aiveton 1 suvapton F(x) =InXx kot to onueio A(0,2). Av K(x,Inx) pe x >0 tuyaio onueio

ms C; xar M(x,,Inx ) pe X, >0 1o onpueio ekeivo g C; mov améyel v eAdylot andotacn

a6 to onueio A, va amodeilete Ot

a. mandotacn AK cuvapmios tov X > 0 sivor d(X) =vXx2 +In*X—4Inx+4 .
B. x2+Inx -2=0.
y. M epantopévn g C, oto M

I.  &lvar k@Bt otV AM.

ii. téuveltov Géova XX  oto onueio (X2 —X,,0).

0!

Movéadeg [5+7+(6+7)]=25

2.7 TomiKda akporara ouvaprnong
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‘Eoto f: R >R wa mopaymyioun cvvéptnon yuo v onoia. f(0) =1kt yia kabe XeR 1oy0et

f(X)+2x =f'(x) +x*
a. No anodeifete ot av g(x) = f(X) —x*, 161 10)VEL
i g'(X)=g(x) yiakabe x e R
i. f(x)=e*+x°, xeR
B. Noa amodcilete 0TL

I.  Ymdpyet povadco onueio M(X,, f(X,)), X, € (-1, 0) oto omoio n epantopévn g C,

etvar oplovria.
ii. H frnopovcidlel eAdyioto 6T0 X, KOt Yo TNV EAGIGTH T M TG GLVAPTNONG oYVEL

et<m<2.

Movéadeg [(5+6)+(7+7)]=25

e opBokavovikd chotnua cuvietaypévev pe apyn tov atdveov to 0(0,0), divetar to onueio

M(L,1). M evbeia (€) mov diépyetar amd 1o M tépvet Tovg Betikovg nuuacoves Ox kar Oy ota

onueia A(x,0), x >0 kot B(0,y), y >0 avtiotolymwe, 6Tmg Qoivetol Kot 6TO TOPUKAT® GYNLLOL.

-

™
F 3

y
(E)\

=5

X‘ -
0 1 Ax0)

a. T X € (1, + ) va anodei&ete 0T1 T0 gUPadov Tov Tprydvov OAB cuvapticel tov X divetal

X2

2(x-1)

ano tov Tomo: E(x) =

2.7 TomiKda akporara ouvaprnong
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B. No amodeitete 0Tt Yoo X =2 10 guPadd tov tprydvov OAB maipvel v gddytotn Tun,
omoia kot vo Bpedet .
y. Na Bpeite v gpamtouévn (§) g ypaeikng tapdotacns ¢ E, oto onueio (3,E(3)) kot
ta onpeia I', A ota omoia vt TéUVEL TOVG AEOVEG X 'X Ko Y'Y oavtioToryo.
6. 'Eva onuelo K(x,y) xwelton mave oy gvbeia (), ko 1 tetaypévn tov ovéaveton pe puuo
petafoAng 3 povaodeg/sec. No PBpeite 1o puOUd petaoing g TETUNUEVNS TOV.
Movadeg (7+7+5+6)=25

Mia Broteyvia mov paPel povya TpdkelTar va eTolnacel pia mapayyera yio 600 tavtelovia o€

pia nuépa. T To Adyo avtd Ba amacyoAncel paetes (Avopes Kot YOVAIKES), amd TO EPYOTIKO
duvapko g, Tov pafouvv 6 Tavteddvia v dpa Kot Bo apgifovton pe 12 evpd v dpa. ['a tov
GUVTOVIGHO KO TNV ETOTTEIN TOV PAPTOV, 01 1010KTNTES NG Proteyviag Bo amacyoAcovv Kat
pia oo T1g yovaikeg LodoTpoug TG Proteyviag og emotdTpia, TV onoia Oo mAnpmvovy 20 evpmd
v ®pa. Emmiéov ot 1d1oktteg g Proteyviog Bo TAnpdvVovY ac@oMOTIKES EI0QOPES, 20 gVpd
v Nuépa Yo kB epyalopevo, copmephapfavoprévng Kot g yovoikog emotatplog. Av X
glval 0 aplBuoc Tov paptdv (avopeg Kot yovaikeg) mov o amacyoincel 1 Ploteyvia yioo TV

dtekmepainon g TapayyeMag TOTE:

0. No amodeiete 0Tl T0 GLVOAIKO KOGTOG Y10 TNV EKTEAECT] TNG TopayyeEAiag iva:

2000

K(x)=20x+ +1220 gvpo pe x > 0.

B. No oamodeifete 611 av Ol 1010KTNTEG TNG ProTeyviag amacyoAcovy Yoo TV &V AOY®

napoyyeria, 10 pdoteg, n mopayyerio avt Ba extedeoctel pe 10 eAdyloto KOGTOG.
v. Na Bpeite to EAdy1oT0 KOGTOG.

o. Ilooeg mpeg OBa amacyoAnBovv ot paeTteg, MEPAV TOV OKTUMPOL (LIEPWPiR), DOTE M
mopayyeAio va eKTEAECTEL LE TO EANY10TO KOGTOG;

Movéadeg (10+7+3+5)=25

2.7 TomiKda akporara ouvaprnong
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‘Evag aypotng 0éker va mepippdel oe €va yopael o mTeployn oynuHotoc opboymviov pe

HeToPANTéG SlaoTAoEIS X, Y Oote va &xst epPadov 800m? . H pio mhevpd TG TEPLOYAS, LAKOVS
X, Ba givor TETPIVY, EVO Yia TIG VITOAOUTEG TAELPEG Bl XPNGUYLOTOMGEL GUPUATIVO PPAYTY). AV TO
KOGTOG TEPIPPAENG Yo TNV TETPIVI TAELPA Efvol 6 VPO AVA M KOl Y10l TOV CLPUATIVO PPN
elvar 2 gup®d avd M, TOTE:

o. No amodeiete 0Tl T0 GLVOAKO KOGTOG TG TEPIPPAENS, CLVAPTHGEL TOL X, glval:

K(X)=8X+£)?O,X >0

B. No Bpeite moteg Bo mpémet va €ivol Ot SIUCTAGELS TOL KTNUATOG DGTE TO CLVOAMKO KOGTOG
nepippacng vo eivar eEAdy10TO, Kot VO TPOGOIOPICETE TNV EAAYLOTI TN TOV.

y. Noa anodei&ete 611 0 pLOUOG peTafOANG TOV KOGTOLG avEdveTal Yo Kabe X > 0.
Movéadeg (8+10+7)=25

2.7 TomiKda akporara ouvaprnong
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2.8 KYPTOTHTA-ZHMEIA KAMMNHZ (5)

270 TOPUKATO OYNUO SIVETOL 1 YPOQPIKY TapAoTact TG mopaydyov ' pog molvovopuknig

]

ovvaptnong f tpitov Pabuov n omoia eivar opiopévn 6to KAEIGTO StdoTNo. [—1, 5] .

i "

glh }J‘

L 4

N "

a.  Av n Kopuen ™G TapaPoAng g YPAPIKNG Topdotacng ¢ mapaymyov f gival to onueio
A(Z,—l), ue ™ Pondeia tov oyfuatog va amodeiete 0t n T elvan koidn oto [—l, 2] Ko
Kvpt oto [2,5].

B. Iow etvarn khion g f oto X, =2;

y.  Avemmiéov woyvet 6Tt 3 T (2) —-1=0, va Bpeite v e&lomon ™G EQOTTOUEVNC TNG YPOPIKNG
nopaotacng g cuvaptmons f oto onueio g pe tetpunpévn X, =2.

Movéadeg (10+6+9)=25

2.8 KupTtoTnra-Znueia Kapmig
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Aivetal n cuvapTnon

f(x)=x"+3x*-8, xeR.
a. No v HELETHOETE MG TPOG TNV KLPTOTNTA.
p. Eoto (€) n epantopévn g ypopikns tapdctacns C, g f oto onueio A(L, f(1)).
I.  Noa Bpeite v e&iowon g gvbeiog ().
ii. No anodei&ete 0t1 dev vapyel onpeio g C, , dlopopetikd amd 0 A, 610 0moio M

EPATTOUEVT TNG Elvar TAPAAANAN oV (€).

Mépra [10+(7+8)]=25

210 TOPOKAT® GYNUO QOIVETOL M YPAPIKY TOPACTOCT TNG TOPOYDYOL HIAG GLVAPTNONG

f :[—1, 1] — R kot n gvbeio y=2. Av 1 ypagikf topdotoon g ' diépyetar and ta onueia

A(-L1), B(1,1) xar T'(0,2) 16t pe Béon 1o TapaKated oynpua:

R
y=2 1'0,2)
A(-1,1) B(1,1)
X" X
>
v

0. No e&nynoete yati woyoer 1<f'(x) <2, yio kébe x € [-11].
B. No peletioete T ovvaptnon f g mpog t povotovia.
y. No pelemioete ™ ovvaptnon T o¢ tpog ta koila Kot To onueio KOUmTC.

Movéadeg (7+8+10)=25

2.8 KupTtoTnra-Znueia Kapmig
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Aivetar n cuvapTnon

f(x) =2x%-15x* +24x, xeR.
a. No Ppeite v mpdTn KO devTEpN mapdywyo tng ocvvaptnong f kot vo Aoete T1g
egohoeic: F'(X)=0 ko f"(X)=0.
B. Na peretnoete ) ovvaptnon f g mpog ™ povotovia kot ta oKpOTATA.
y. No peietioete ) ocvvdpmon T ¢ mpog v kvptdtta kol va Ppeite 11 Oécelg Tov

onuei®V KaUTNS.
Movadeg (8+9+8)=25

Aivetar m ovvaptnon f e

f(x) = In(1 + x?).
a. Na peretnoete ) ovvaptnon f og Tpog ) povotovia Kot To. akpOToTo TG,
B. Na pocdiopicete ta donotiuato ota oroia n f eivon kupt 1 Koikn kou va Ppeite ta

onueio KaUmng mmge.
Movéadeg (12+13)=25

2.8 KupTtoTnra-Znueia Kapmig
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2.8 KYPTOTHTA-ZHMEIA KAMMNHZ (8)

Aiveton 1 ovvaptnon f opiopévn oto [—2, 2] TETOL0L OOTE:
o f ovvexfigoto [-2,2],
o 3o popég mapaywyion oto (-2, 2) Ko
o f7(x)-2f(x)+x*-3=0, yia ke x[-2,2].
a. No arodeilete 6t n ovvaptnon T dev £xel onueia kapumnc.
B. Av f(0)=3,
i.  No anodsitete 611 (f (x) —1)2 =4 X%, Y kG0 X [-2, 2] ko koTomy 611
f(x)=1+v4-x* , x[-2,2].
ii.  Noa Bpeite ta ohkd axpotata tc T kot ot cvvéyelo va AMoete v e€icmon
f(x)=ovvx .

Movadeg (8+9+8)=25

Atveton n ovvaptnon  f(x)=e*—Inx-3.

a. Na amodeilete 01in T givar kvpth 610 (0, +oo).

B. No omodeitete onin f(Xx) mopovoialer B5on ohucod eroyicTov o8 Km0 X, €(0,1) pe

f(x,)<0.

2023
: - (F(x)
y. No vroloyicete o lim .
% f(x)—F(X,)

Movéadeg (6+10+9)=25

Aivetar n cuvapnon

f(x)=e"—Inx-Xx, x>0 6mov LeR.

Av oyoer e—A =¢e° —1—Le, va amodeifete Ot :

2.8 KuptoTnTa-ZNHEIiAd KAUTAG
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n f eivon kopt.

vrapyet akpac éva X, € (Le) pe f'(x,)=0.

vy v ' 1oydovv o1 vobéoeig Tov Bewpriuatog Bolzano oto [1,€].

o R ™ 8

n f mapovcialel ok axpdTATO GTO X, TOL Eival TO
e (l-x,)+1-Inx,.

Movéadeg (6+6+6+7)=25

Aiveton ovvaptnon f:[0,2] > R n omoia givan cuveyng oto [0,2], 600 @opég mapaywyicun
o710 (0,2) kon woyvovv f(1) =1, f'(1)=0, f(0) =f(2)kon

(F'(x)2+F(x)-F"(x) <0, yia ka0 X e (0,2)

o. No amodeilete OtU:

. f(x)#0 ywkébe x €(0,2).
ii. f(x)>0 ywkdébe x €(0,2).

B. No pelemioete v T g mpog v KLPTOHTNTA KO TOL ONUEIR KOUTNG.

y. Na pehemioete v f og mpog v povotovia kot va Bpeite Tig BE6EIG TV 0KPOTATOV.

Movadeg (5+5+7+8)=25

210 TOPOKAT® oYU OlveTol GTO (0, +oo)) N YpoQKn mapdotacn ¢ mopoydyov ' uog
ovovaptnong f upe medio opiopod 10 (0, +oo). Ailveton emiong 6t n ' givan cvveyng xan

yvnoing avgovoa cuvapmon oto (0, +0) pe lim f'(x)=+o.

X—>+00

&

y
C,.

A(1,0)

2.8 KuptoTnTa-ZNHEIiAd KAUTAG
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a.

B.

No. Bpeite T0 S100TARATO LOVOTOVIOG KO TOL TOTIKA akpOTaTa TG cuvaptnong f.

"Evag pafntg woyvpileton 01t

1°V: «H ypaewn mapdotacn g T déyeton opillovtia epomtopévn 6To onueio pe teTunuévn 1».

2%V «Ymhpyer HOVOOIKO Ke (0, + oo) 61010, BOTE O OLVIEAESTNG Oevbuvong g
gpamtopévng g C; oto onueio M(x, f(k)) va ioovton pe 2».

[Towot and tovg mapandve 1oyvpPIopovs Tov padn eivar cwotol; No SikaloAOYNoETE TIg

OTOVTINOELS GOG.

T1 pmopovpe va Tovue yio thv kvuptotnta g  oto medio opiopod g,

Noa dikaoAoynoeTe TV OO0 ATAVTN G GOG.

Movéadeg (9+10+6)

2

Aivetan 1) ouvapon f(x)=e* +X7 +2023, xeR.

a.

No armodeitete Ot
i. movvapmon T eivar kupth oto R.
ii. 10 oVvvoro Twdv ¢ T’ eivarto R.
Noa arodeiEete 0Tt Yo TG 0189opeS THES TOL TpaypoTikoD aptBpov o, n e€lcwon
e* +X =0 el povadikn pila p .
Noa arodeiEete 0Tt Yo TG S16.9pOopEG TYES TOV TPAYHOTIKOD aptBov o, 1 GLVAPTNON
g(x)=ox—f(x) pe xeR, éet péyrom rwh mv pf'(p)—£(p).
Movadeg [(5+6)+5+9]=25

Aivetan n ovvaptnon f(x) = Inx , X>0.
X

a.
B.
v.
d.

No pekemioete v ' o¢ mpog ) povotovia kot Ta axpdTOTA.

Na omodeifete 611 20227 > 202377

No pedemoete v ' o¢ mpog ta koika Kot o onueion KOUmg.

Egapuolovtag 10 Oswvpnuo Méong Twng yio v T oe kabéva amd ta dacthiuoto
[2021,2022] xou [2022,2023] vo amodeitete ot 2f(2022) < £(2021) +f(2023) .

Alveton e ~ 2,71,
Movéadeg (6+6+6+7)=25

2.8 KuptoTnTa-ZNHEIiAd KAUTAG
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Aivetar n cuvapTnon

f(x)=e*-Inx.

Noa arodeiEete 6TL

a. n f eivaw xopt.

B. n f mopovcialel ohkod erdyioto o Kamow X, € (=,1) o omoio ivon povadiko.
2

A . 1
Y. 70 OAMKO EMGyIoTO Elvol TO —+ X, .
X

6. meiowon f(X)=2 sivar addvarn.
Movéadeg (6+7+6+6)=25

2.8 KuptoTnTa-ZNHEIiAd KAUTAG
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2.9 AZYMNTQTEZ-KANONEZ DE L' HOSPITAL (7)

210 mopakdTo® oyNUe SIVETOL 1 YPOPIKN TAPACTOCT HdG Tapaywyioung 6to R ovvéptnong

f () v mv omoia yvopilovpe Ta e&ng:
* o710 onueio A(—l,f (—1)) ™me Ypoeikng mapdotaong e T éxel oyedoobel n epomtouévn
evbeia (&), n omoia Siépyetan and v apyf TV aEOVV.

e mevbeio Y =X gival aocOUTTOTN TG YPAPIKNG TopdoTtacng TG f (X) 010 +00 .

3

© AY

C

y=x

v

0. Av yvopiloope ot f(-1)=e-1, va omodeiete 6t 1o f'(-1)=1-e kou vo Ppeite ™V

e&lowon g spantopévng ().

B. No amodeifete 6Tt lim [m =1 ko lim (f(x)—x)=0.

X—>+0o0 X X—>+0o0

) _xf(x)-x?
v. Navroloyicete to lim —————.
X—>+00 f(x)

Movadeg (9+8+8)=25

2.9 AocupnTtwreg-Kavoveg De L’ Hospital
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‘Eoto f ovvaptnon opopévn oto R g omoiag M ypogikn mapdotacn £xst v gvbeia

(g):y=3x-2 mAdyl 0oOUTTOT GTO +0.

Noa Bpeite o mapakdTom oplo:

im Y o lim () -39, b Imfx). v fg=x
X—>to X X—>+00 X—>+00 X—>+00 Xf(X)—3X

Movadeg (8+8+9)=25

Aivetar n cuvapTnon

f(x):x+§, x €(0,+x)

a. Na Bpeite ta dStootnuata povotoviag kot ta okpotata g T .
B. Na amodeilete 6Tin T givar kvpti.
v. No amodeiete 011 M gvbela Y=X &ivol aoOUTTOTN NG YPOPIKNG TAPACTAONG TNG
cwvaptnong f oto +oo.
Movéadeg (10+7+8)=25

‘Eoto f:R — R pia cuvaptnon yia v onoia woyvet f(X) = 3_—22))(2 Yo kGO X # 2.

(x

a. Na arodeilete 0TL N ypagikn topdotoon g T €yetl katakdpven acdurto™ ™ X = 2.

Noa e€etdoete av n T eivon
i. ovveyng oto 2.

ii. mopoyoyicyun oto 2.
Movéadeg [10+(8+7)]=25

2.9 AocupnTtwreg-Kavoveg De L’ Hospital
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x-1
x2+1

Atveton 1 ovvaptnon f 1R >R pe f(x)=x-

a. No anodeifete 6T n evbeia €:y =x glvan acvpnto g C, 610 +00.
B. No mpocodlopicete Ta Kowvd onueld TG €:y=X HE TNV YPUPIKN TOPACGTACT] NG
ovvaptnong f.
y. No anodeiEete 6tL 1 ovvaptnon T dev eivan "1-1".
Movéadeg (10+6+9)=25

6.

Aivovtar ot ovuvoptioelg F(X) = Ll X#1 ko g(x)= ix ,XeR.
X— e

a. 1. Naopioete 10 medio opiopov ¢ cvvaptnong h(x) = (f og)(x).
ii. Noa Bpeite Tov tOmo ¢ cvvaptnone h(x) = (f og)(x).
1-e*’

B. vo amodeiEete 6TL 1 cuvaptnon h eivon “1-1°.

X e R" 1orte:

Av h(x) =

y. vavroloyicete To 6pto: lim h(x).
X—>+0

Movéadeg [(6+6)+7+6]=25

2

—X pne X #1.

Atvetar 1 cuvaptnon f(x) = X

o. No oamoodeiete o611t 1M evbela (g):y=X-1 eivon mAdywon acOuntoOT) ™G YPAPIKNG
napbotaonc g f.
B. No amodeiete 6t1 1 evbeio (€7):X=1 eivor KOTOKOPLEN OCVUTTOTN TNG YPOUPIKNG
napaotoonc g f.
v. No peretnoete v ovvapmon f g mpog v povotovia.
Movéadeg (8+7+10)=25

2.9 AocupnTtwreg-Kavoveg De L’ Hospital
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2.9 AZYMNTQTEZ-KANONEZ DE L’ HOSPITAL (7)

Aivetar cuvaptnon f: (0, +oo) — R, pe tomo

f(x)=2Inx-x.

o. 1. No uehetoeTe TV cLVAPTNON OC TPOG TNV LOVOTOVIa TNC.
ii. No Bpeite T0 GOVOLO TIUOV THG GLVAPTNONG.

iii. No Bpeite o akpoOTOTO THG GLVAPTNONG.
B. Na Bpeite to TAn00¢ tov prlov g e&icwong f (x) =Kk, kel
Movéadeg (7+7+7)=25

‘Ecto cvvapmmon f: R — R mopayoyioyn, yio tnv onoia 1oyvet

f(X)>x*—x+1ya kdPe X e R.

. . f(x
a. i. Navmoroyioete to lim Q

X—+0 X
ii. No anodeiEete 61 1 ovvaptnon T dev Exel acvumTOTES.

iii. No arnodei&ete 011 T(X) 2% ywo. kéfe X e R.

B. Avemmiéov f(1) =1 ko f (%) = 3 va amodei&ete OTL:

4
] f(ij:o.
2

ii. nf deveivar koiAn.

Movadeg [(4+6+5)+(5+5)]=25

2.9 AocupnTtwreg-Kavoveg De L’ Hospital
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1
ax+l
—Jer, x>1 ,AeR .

0,x=1

Aivetar 1 ovvexig sovapnon f:[1, +0) > R pe f(x)

No arodeiEete 611 A=—1 .
No Bpeite, 6mov opiletat, Tnv mapdywyo g T .

No pelemioete v ' w¢ mpog ™ povotovia kot Ta axpoTOTA.

I

No Bpeite 10 oOvoro Tudv g T .

Movéadeg (6+8+6+5)=25

~

210 mapokdto oyfua o opboymvio ABI'A €yet tig
I Je ’ 1 y F 3

Kopueég A kol A mhve otov dEova XX Kot TIG

Kopveég B ko I' mévo otic ypapikég mapactdoelg

TOV GLVOPTICEDV

f(x)=¢", x<1 xat g(x):s , X >1, avtictouyo.

‘Eoto A(a,0) pe a<l.

o. No amodeilete Ot
i, 1M TeTuUmuévn TG Kopueig A eivon X, =€ ",
ii. 7o euPadov tov opfoywviov ABTA givar E(a)=e—ae”, a<l1.

B. Na Bpeite ™ péyrot tiun tov gpfadov tov opboywviov ABI'A .
y. Na g€etdoete av LVIAPYOLY Kot TOGES TIHEG TOVL o, Y10 TIG OToieg TO EUPAdOV TOV
opBoywviov ABI'A yiveton ico pe 1.
Movéadeg [(6+6)+7+6]=25

Aivetou 1 ovvapmon f(x)=xnux, x eR.

o. No amodeilete Ot

lii. Hevbeia Yy =X epdnteton g C; oto onpeio A(g,f(g)}

2.9 AocupnTtwreg-Kavoveg De L’ Hospital
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iv. H C, éyet dmepo kowva onpeio e v epomtopévn g Y = X Ta omoia Kot va

TPOGOIOPICETE.
et cvvépmon g:R - R wyder g(x)—x=1In (1+eixj , Yo k6l XeR.
No armodeitete Ot
i. H y=Xx eivar acdpntwm mg C; ot0 +o0.
ii. Zto Sdotnpa (0,+0),n C, Ppicketor mve and vy =X
Na amodeiete 611 610 dboTnU (O,+oo) N YPOQIKY] TAPACTOCT TNG GLVAPTNONG J TOV

gpotnuatog (B) Ppioketar Tave omd ) ypapiky napdotaon g f.

Movadeg [(4+6)+(5+4)+6]=25

Aivetou n ovvapmon f(x) = (x* —4x +6)e*, xeR.

a.

B.

No peretioete T ovvaptnon T og mpog t povotovia kot va Ppeite 10 cHVOAO TIUOV TNC.
Noa Bpeite v epantopévn g Ypagikng mapdotacng g cvvaptnong f oto onueio tngM
(0,£(0))-

No peketmioete ) ovvaptnon f o¢ tpog v KupTtdTNTA KOt TOL GTUEIR KOS,
No anodeiEete ot F(X) > 2X+6 yiokdbeX e R.

Movéadeg (9+5+6+5)=25

‘Ecto 1 cuveyng cvvaptmon f :(O, +oo) — R y1a v omoia 1oydet:

%Sf(x)ﬁl+%, 1o kGbe X €(0,+00).

Na omodeitete o1t lim f(x) =+o0.

x—0

Av emmiéov woyder (X+1)f'(x)-In(x+1)=—f (x), y1o k6be x € (0,+), ot
i.  Na anodeifete 0t n ovvapmon g(x)=F(x)-In(x+1), x>0 eivor otabepn.
ii. No omodeitete 6T y1a ke X € (0,+0) 100l In(XT-l_l) <g(x)<In(x +1)+M

Ko émerta vo Bpeite tov Tomo g f.
Movéadeg [7+(8+10)]=25

2.9 AocupnTtwreg-Kavoveg De L’ Hospital
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2.10 MEAETH ZYNAPTHZHZ (1)

Aivovtan ot cvvaptioelg f(X) =In*x kar g(x) = Inx pe koo medio opiopod to (0, +0) .

o. No peretioete v f
I.  ©CTPOG TNV HovoTovia Kot T0 0KPOTOTA.
Il.  ®GmPOG TNV KLPTOTNTO KO TO, GNUELN KOUTNGC.

B. No Bpeite, av vrapyovv, tig acountotés ms C; kat va oxedboete g Cr, C; oto {80
GUOTN L0 GUVIETAYUEVOV.

y. 1. Na Bpeite ta xowd onueio tov C;, C;.

il. Hevbela X=0, 1<a<etéuvernig C;, C; ota onueia A, B. Na Bpeite yio mota Ty

TOVL 0 TO UNKOG ToL TUNpatog AB yiveton péyioro.

Movadeg [(4+4)+8+(4+5)]=25

2.10 MegAé€Tn ouvaprnong
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"EK®QONHZIEIZ OEMATON B-A ANA NAPATPA®O

3.1 AOPIZTO OAOKAHPOMA (2)

Aivetar ) ovvaptmon f(x) =In(x+1) _Ll' X > -1 kot éotw F apywn mg fue FQ) =In2.
X+

X

o. No amodeifete 01t Yo kGOe X > —1 1oyver f'(x) = >
(x+1)

Kot va pedetnoete ) ovvaptnon f g mpoc t povotovia.

B. Na amodeilete 011 F givar kupth 610 didotnua [0, +o).

v. 1. Nao Bpeite v e&icmon g eQamTOpEVIG TG YPAPIKNIG Topdotacns g F oto X, =1.
ii. Noa amodeiete 011 Y10 k4B X > 0 10y0&L 2R -1 >In4-1.
X
Movadeg [8+6+(6+5)]=25

Eoto f:R >R po mopaywyion covaptnon n omoio £xel TOmMKO EAGYLOTO TO f(2) =-32.

Ot ypagikég mapaotaoets e ' kot e mapaydyov ' tépvoviol 6to onueio A(—2, 0).
a. No Bpeite 116 e€iomoelg tov epantopévav e C; oto onueio pe teTpunpéveg:
Lox =2 . x,=-2.
B. Aiveton emmAéov 6t n f'elvor moAvevopky ocvvaptnon 2% Babuod kot M ypagikn
napaotacn g ' diépyetan ano to onueio B(0, —12).
Noa arodeiete 0tL:
i f(x)=3x"-12
ii. f(x)=x’-12x-16
iii. ne&lowon f (X) =—-20 &yel Tpelg S1POPETIKEG TPAYHOTIKES PiLEs.

Movaéadeg [(5+5)+(4+5+6)]=25

3.1 Adépiorto OAokARpwpa
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3.4 OPIZMENO OANAOKAHPOQOMA (5)

‘Eoto ovvapton f:R —> R mapoyoyioyn pe ocvveyn mopdymyo, n omoia €ivor kvupth kot

woyvel F(1)=f'(1) =2.

a. Na Bpebein epantopévn mg C, oto onueio (1,f(1)) ko katdmy va anodeitete ot

f(x)>2X yokibe xeR.
B. No Bpeite to lim f(x).
y. No anodciete 0Tt :
1 1
i [f()dx>1. i [xf'o)dx <1,
0 0
Movadeg [8+5+(6+6)]=25

Atveton n cuvaptnon

f(x)=In(e*-1)+x-1, x>0.
o. No amodeiete 0Tt lvar yvnoing avEovoa Kot KOiAn.
B. 1. No Bpeite v e&lowon g epamTOLEVNG TG YPAPIKNG TNG TapAcTaoNG 6To X, =In2 .
ii. Noa amodeiete 011 Y10 k4B X > 0 10y0eL
In(e* -1)<2x~In4.
y. Noa vrtoloyicete T0 OLOKANPOUQ
In3 X
I= I 2__)(4edx .
In2 e’ -1

Movadeg [8+(5+4)+8)]=25

3.4 Opiopgévo OAokARpwpa

|E



OEMA A
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‘Eoto f: R — R ovvdptnon yuo v omoia woydet T(0) =1 kon

(X2 +Df'(x) + 2X1=0 v kOe X e R.
+

a. No omodeitete Ot

210 mapaxdto oynpo divetor n ypapkn tapdotoon C, g cvvéptnong.

X

>y

Koatomy, va Bpeite yio mowa Tiun Tov o 1o epPadov yivetor péytoto.

3.4 Opiopgévo OAokARpwpa

B. No artoroynoete yoti  C, givol cuppetpikh og mpog tov Géova Y'Yy kot va Bpeite Tig

ovvieTaypéves Tov Kopvemv B, I', A tov opfoymviov ABI'A pe ™ Bonfeta g teTunpévng
a, a>0 Tov onueiov A(a, 0).

v. Noa amodei&ete 0T 10 euPaddv E(a) tov opBoywviov ABI'A divetan amd tov TOMO

1
6. Av F givon o apykn g f pe F(l) =In2, vo anodeiete O6T1 IF(X)dX =In~/2
0

Movéadeg (5+6+8+6)=25
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Atvovtal o1 GUVOPTNGELS

nHx
—  , Xeg[-m0)u(0,
f(x)=1 x €l-m 0 (0.7] Kot @(X)=XOoUvX —Mux, X €[-=m,7].
1 , x=0
a. No arodeifete 6Tin @ givar yvnoiong edivovoa oto [-m, ] kot va Bpeite o TpdoNUd TG,
B. Na peretnoete v T g mpog ™ povotovia kot ta oKpOTATA.

v. Na Bpeite T1g TYEG TOL K € (—T, T) Y10 TIC OTOIEG 1oYVEL j(p(x)dx =0.
0

Movadeg (10+10+5)=25

INo wo cvveyn covéptmon f: [—1, +oo) — R 1oyvovv:

. (f(x)+x)2 =X (x+1), yio k6be X €[-1,+),

o f(1)>-1km f(—£j<£.
2 2

0. Av g(x)=f(x)+x, xe[-1,+x) 101€
i.  Na Bpsite 1ig Moeig g e&iowong g(x)=0.
ii. No omodeigete 6Tt g(x) <0 ya kGbe X €(—1,0) xar g(x)>0 yia ke X € (0,+0).
B. Na arnodeitete ont f(x)= X(x/ﬁ—l), X>-1.
y. Avnovvaptnon T eivon kopt 101€ vo amodeiEete OTL T
h(x)=f(x+1)—f(x), x e(-1,+»)
siva YVINoioe 0DE0VGE Kat ETErTa 6Tt

Lz;zz:(f (x+1)—f(x))dx < LZZ?(f (x+2)—f(x+1))dx.
Movéadeg [(5+7)+7+6]=25

3.4 Opiopgévo OAokARpwpa
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3.5 H ZYNAPTHZH OAOKAHPQMA (1)

Av T o cvveyne cuvaptnon oto R pe

3 3 7
jf(x)dx: 2, jf(x)dx =4 kot jf(x)dx:lo
2 1 1

va. Bpelte To TAPAKATO OAOKATPOLOTOL:

a. Jz'f (x)dx.
B. sz (x)dx.
Y. j.f (x)dx.

o. ji(f (X)—x)dx .

Movadeg (5+6+6+8)=25

3.5 H ouvaprnon oAokARpwpa




TOAA 2024 ONOKAHPQTIKOZ AOrizmoz

3.5 H ZYNAPTHZH OAOKAHPOMA (15)

Aivetar n cuvapTnon
f(x)= e, x>0

0. Na anodei&re onn f eivon mapayoyioyn oto (0,+00) pe  f'(x)= ZInTXf (x).

B. Na amodei&re 6tin T éxet ohkd eldyioto ico pe 1.

v. No vrtoloyiote T0 OAOKA PO

e 2Inx - f (x)+ xe*
: L X(f(x)+e€)

Movéadeg (8+7+10)=25

‘Eoto ovvdpton f: R - R napoywyicyn pe cuveyn topdymyo, Kot 1 GuvApTnoN

g(x) = (x* ~Df (x)

Yo TV omoia 1oy vEL

g(x) >0 yw xabe x e R,

Noa amodeiete 0tL:
a. 1 g mapovoidletl eddyoto yio X =1 kou yio X = —1 ko otn ovvéyeia 6t F(1) =f(-1)=0.
p. f'(1)>0 o f'(-1)<0.
y. m T dev eivon koiAn.
5. j (x* =3x)f'(x)dx < 0.
|

Movadeg (6+8+5+6)=25

3.5 H ouvaprnon oAokKARpwpa
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Y10V TopaKkAT® TivoKe QAiveTOl TO TPOCHUO TG Tapay®Yov pag cvuvaptnong T mov eivan

napayoyioyn oto R.

[
+
8

|x —oe -2 0

L=
I

|f‘{x) + K:J - K:J +

Av givor yvooto o6t T eivan dptia ko emmAéov 1oy0vovV:

imf(x)=—0  fO)=1 «xm f(2)=5

X—>+00
tote:
a. No LEAETNOETE T GLVAPTNOT OC TPOG TN LOVOTOVIO KOt T, AKPOTOTOL.
B. Na Bpeite 10 cHvVOLO TIHOV TNG.

v. No Moete my eéiowon  f(X) =| x> —4|+5.
1

6. Na amodei&ete 0Tt I xf(x)dx =0.
-1

Movadeg (7+6+7+5=25)

Aivetar n cuvapTnon

f(x)=|nT:,x>O.

a. No Bpeite, pe amoddelln, v KatakOpueN AcOUTTMTN Kot TNV 0ptlOvIIo ACVUTTOTN TNG
Ypapikng Topactaocng g f.
B. No amodeifete 6T 1 ypapn mopdotacn e T €xet olkd péyioto yioo X =e2.

y. Noa vroroyiote T0 OAOKANpOLLOL

eZ

I:If(x)dx.

1

Movadeg (8+8+9)=25

3.5 H ouvaprnon oAokKARpwpa
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Aivetar n cuvaptnon
f(x) =Inx—=x,x>0.
a. No peletioete ™ ovvaptnon T g mpog v povotovia Ko To aKpOTATA.

B. Na peretnoete ™) ovvaptnon T g mpoc acHunTOTEG.

2
v. Noa Avoste v eéicoon  In X2+3 =2 —-x°.
2xX° +1

Movaéadeg (9+8+8)=25

Xe po {opo, Ol EMIGTNUOVES UEAETNOOV YO HEYOAO YPOVIKO SLAGTNUHO TNV UETABOAN TOL

TANOLoHOD TOV YopldV o€ Evav TOTARO Kol ONUIovpYNoay £va TPOCEYYIOTIKO UOOMUATIKO

HOVTELO OV GLOYETILEL TOV TANOLGUO X TOV YopLdV 6TO TEAOG EVOC GUYKEKPLUEVOD ETOVG UE

TOV OVOUEVOLEVO TANOVGUO Y TOV YapL®dV GTO TEAOG TNG AUECMG EMOUEVIC YPOVIAC.

To povtélo ekppdletol amd ) oxéon

y=f(x)=0xe™, x (0, +)

omov o, Oetikég otadepés, pe B e(0,1) kar o e (1,+x).

a. No Bpeite v Tun tov Tp€Yovioc TANBLoHoD X Tov peyloTonolel Tov TANBLoUd Y TV
YOPLOV TO ETOUEVO £TOC GOUP®VA LE aVTO TO povtéro. TTowa etvar avt 1 péylotn Tiun tov
mAnBvopo?v Y;

B. No e&nynoete ywoti évog anepropiota peydrog mAnbucspog yopiov dev Ba givar Pudotpog
TNV AUECMS ETOUEVT] YPOVIAL.

Y. Oewpobdpue cvuvaptnon F 1 onoia ivan po mapdyovoa (apyikn) tng cuvaptmong f.

Noa arodei&te 6Tt

o 27 +1-(1+p%)e”
B e '

F(B)-F(2p)=

Movadeg (9+7+9)=25

3.5 H ouvaprnon oAokKARpwpa
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O vépog tov Nevtwva mov apopd v peiwon g Oepuokpaciog T (oe faburodg Kehoiov)

€VOG COUATOG GLVAPTHOEL TOL YPOVoL T (o€ dpeg), opiletar amd v eEicmon
T(t)=E+(T,—E)e™ omov:
e E eivaun otabepn Beppokpacio Tov meptBaAlovtog xdpov ctov omoio Bpicketol To
copo pe E<T,.
e T,= T(O) etvar n apyikn Beppokpacio ToOL GOUATOG TN GTIYUN TOL TonobeTEiTAN GTO
neppdArovia xdpo.
e Kk givon puo Oetikn otabepd.

o. No vroloyiote T0 tIim T(t) KO VO EPUNVEVGTE TO AMOTELEG L.
B. Noamodeigre om T'(t)=k[E-T(t)].

2e® -3¢’

v. No amodeiéte 611 10 ohokMjpopa | = E(E —T(t)) : ln(T(t))dt 1covTar pe "

av eivar T(0)=¢* ko T(1)=¢’.
Movéadeg (8+7+10)=25

8.

Atveton n cuvaptnon

f(x)=(x-3)(x=2)(x-1), xR pe 1<A<3.
a. No amodei&ete 0T 1 e€lomon f’(x) =0 &yet akpPig 6vo pilegoto R.

B. No amodeitete n ovvapton f éxel éva tomkd péyioto, €va tomkd eAdyloto Kat €va
onueio KOUTNG.

y. Av emmhéov oyoer f(x)=—f(4-x), 1o x@Pe xeR, 1018 VO vEOLOYicETE TO
3
oloKA PO L f(x)dx.

Movéadeg (12+8+5)=25

3.5 H ouvaprnon oAokKARpwpa
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0.

Atvetar n dvo popéc mapaymyiowun cuvaptnon f:R — R pe cvveyn devtepn mapdywyo t€Tota,

MOoTE:
£(0)=F(0)=0 xax ["(f(x)+F"(x))nuxdx =0.
Noa arodeiete 0tL:

a. I:f"(x)nuxdx = —Ionf'(x)cuvxdx :

p. f (n) =0.
Y. Z10 dloTnuo (0, n) VILApPYEL Lo TOLAGyoTOV ThovY BEom onueiov KOUTNS.

Movéadeg (7+8+10)=25

Aivetar n cuvapnon

f(X)=1L, ue X #1.

a. No omodeilete 6tin f avriotpépetar ko vo Bpeite Tov TOHTO TG OVTIGTPOPOL.
No opioete ) cvvaptnon fof.

. 'Evag podntig woyvpieton 6t ot cuvaptioeig fof xon f eivon {oec.
SOUQOVEITE [LE TOV IGYVPIGUO TOL HOONTN;
Noa oattioAoynoeTe TNV OmdvINon GG,

0. Av

o(x) = (f o £)(x) :XT_l ne x e R—{0,1}

3
VO VTOLOYIGETE TO OAOKANPOLLOL J(p(X)dX .
2

Movadeg (9+6+5+5)=25

3.5 H ouvaprnon oAokKARpwpa
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0. No omodeifete ot yio kabe X €[0, 1] woyver € +npx >1.

B. Na omodeifete 611 1 cvvdpTtnon H(X):X—In(ex+nux), x [0, 7], eivon o apyh

(napdyovoa) tng cvvapong f(x)= nuxx——cuvx , x€[0,x].
e* +nux
y. No anodeifete 611 _[ Xf' (x)dx = T
. . =

6. Na amodeilte o011 ﬁﬁdx <1.
e +nux ) x

Movadeg (5+6+6+7)=25

To komdkt evog mevtdiitpov doyeiov PBeviivng aenvetar avorytd tn ypovikny otiyp t=0. H

Bevlivn mov amopével péca 610 doyeio cuvaptnoetl tov xpovov t (e gfdopdoeg) divetar amd

ovvexn ouvapmon g(t) (oe Aitpa).

t
0. No VTOAOYIGETE TO OAOKANPOLLOL JjS-(%) -In %dt .

B. Av n Peviivn 1oV Jdoyelov £xer pvOud e&dtuiong mov divetow amd TOV  TOTO

t
g'(t) = 5(%) -In%, yw kdBe t >0, 10te va Ppeite tov Oyko g Peviivng mov mepEyeL to

doyelo dvo gfdopadeg HeTd TO AVOLY O TOV KOTOKLIOD TOV d0YElov.

v.  Av emmAéov eivar yvwotd 6T 1] cuvdapTnon Tov divel TV TocdtnTa TG Peviivng oto doyelo
4 t
petd amo t efdopddeg eivan g(t)= S(EJ , te[0,+0) 161€ VO SramicTdoeTe OTL KaBdg 0

YPOVOG ALEAVETOL OEPLOPIOTA LOVO 1| LUpwoLd TG Beviivng Ba vitapyel oo doyeio.

Movéadeg (6+12+7)=25

3.5 H ouvaprnon oAokKARpwpa
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Oswpovpe Tovg apdpovg o,p pe l<a<P ko v mapayeyiown oto R cvvaptnon f, pe

ovveyn mopdymyo, dote f(x)>0, ya kabe [a,B]. Ag eivor L o cvvieheotig SievBuvong g
gvleiag mov Siépyeton and Ta onueio A(a,f((x)) Kat B(B,f(B)), pe f(a)=f(B).

f(X)+ra—f(a)

KOVOTIOLEL TIC TPOVTTOOEGELS TOV

0. No anodeifete 61 n ovvapmon g(x)=
Bewpnuartog Rolle.

B. No omodeitete o vmapyet ¢ € (a,B) dote cf’(c)—Ff(c)—Aa+f(a)=0.

v.  Av yvopilovpe 0T f'(c) # A, vo amodei&te OTL 1 EPATTOUEVT] TNG YPAPIKNG TOPAOTOONG

¢ T oto onueio M(c,f (c)) ka1 evbeia AB tépvovtan og onpeio Tov dEova Y'y .

fla) e ) Jﬁxf'(x%l)
——==¢", va amodeifte 611 T0 OAOKANpoUo = fdx
f(p) AT

woovton pe —1.

0. Avgivon

Movéadeg (5+6+7+7)=25

1
Atveton n mapayoyioyun covapmon f:R - R pe f’(x) =—, XeR.

(x? +1)3

a. Na arodeiete 6min T givar yvnoing avéovoa.
No Bpeite 10 dwotiuota oto omoion m ovvaptnon f eivar kvpt M xoikn kol va
npocdopicete (av vapyel) T BEom TOV GNUEIOV KAUTNAG TNG YPAPIKNG TG TAPACTOCTG.

v. No amodei&ete OTL

i f'(x)<1,yakabe xeR.
ii. Takabe aeR wyosr 0<f(a+1)—f(a)<l1.
Movéadeg [4+8+(6+7)]=25

3.5 H ouvaprnon oAokKARpwpa
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Bewpovpe cuvaptonf pe mtedio opiGHoL TO S1AoTN u({O,

i TV omoia et Xf (X)=npux yw ke x € [O,

a.

B.
Y.

j, ocvveyn oto X, =0,

NS

T
2
No Bpeite to f(0).

No Bpeite Tov tOmo ¢ f.

No anodeiEete otin T elvan yvnoing pbdivovoa.
2 1
Na orodeifete Ot % < _[ 4 (x)dx < "
6

Movadeg (4+4+9+8)=25

3.5 H ouvaprnon oAokKARpwpa
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3.7 EMBAAON ENINEAOY XQPIOY (5)

Aivetar n ovveyng cvvaptnon f :[1, 9] — R g omolag N ypoapikn mapdctacn QoiveTol GTo

mapokdato oynuo. [Have oto oynua £govv onuelwdel ot Tipég TV epPaddv TV yopiov mTov

oynuotiCel n ypagikh mapaotacn mg f pe tov 6&ova X'x, dtav x €[1,7].

~— —

X

y

. -

Aivovtal axoun ot

. (Lgf(x)dx)2 =16 Ko1

e 1 ypapiki Tapdotoon g T téuvel Tov dEova XX udvo ota onueio pe TETUNUEVEG

1 3 5 7.
a. Na amodeifete 011 Lgf (x)dx =4.

B. Na vroAoyicete to guPadod TOV y®PIOVL TOL TEPIKAEIETOL OO TN YPOAPIKY TOPACTOCT TNG
f o tov 4Eova X'X, Otav X € [1, 9].
9
v. No vroAoyicete 10 OLOKAN PO L f(x)dx .

Movéadeg (10+7+8)=25

3.7 EpBadov eminmedou ywpiovu
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@EMA B 3.7 33588

10 mopaKaTm oynua divetor  YpaQikn Tapaotacn pog cuvexode cvvaptnong f ue medio
opiopod 1o R. T ta epPadd tov mepoyov €Q,Q,,Q, 10V TOPOKATO CYNUATOS 1OYVEL

B(Q) = E(©,) =E(@) =

o. No vToAoYIiGETE TO TOPAKAT®D OAOKANPOLUATOL:

1

i j f(x)dx..
0
3

i, j f(x)dx.
0
4

ii. jf(x)dx.
0

2023 2023

B. Na vroloyicete TV TN TG TOPACTUOTG I f(x)dx — J- f(x)dx.

0 4

Movéadeg [(6+6+6)+7]=25

o4

3.7 EpBadov eminmedou ywpiovu
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210 mopakdTom oynuo n tebhacuévn ypouun @AA amotelel Ypoikn TopAcTACT OGS GUVEXOVG
ovvaptnong f opiopévng oto R, mov diépyetar amd 1o onueio A(0,2) kot téuvel Tov dova XX

oto I'(-1,0).

0. No VTOAOYIGETE TOL OAOKANPOLOTAL:
-1 0
i [f(x)dx i [f(x)dx i, [ (x)dx
-2 -1

B. Na Bpeite to epPaddv Tov ywpiov TOL TEPIKAEIETAL OO TN YpaPIKN TapdoTaon ™ T, Tov
dEova X'X Kot TG Katakopuees gubeiec X = -2 ka1 X =3.

Movéadeg [(5+5+5)+10]=25

3.7 EpBadov eminmedou ywpiovu
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Aivovtar ot ocvveyeic oto R cuvaptioeic T kot g.

Av if( x)dx =6, If x)dx =29, _[f X)dx =8 ko Jg X)dx = -6, 101e:

1

a. No Bpeite o ohokAnpodpata:

ij(x)dx

ii. j.Zf (x)dx

5

5
i, [(f(x)+g(x))dx
1
B. Avyia cvvéptnon g oxvel 6t g(X) <0 ya ke x €[1,5], tote va Bpsite To epPfadov

oV Y0piov Tov oynuatifeTor amd T YPUEKN TapdoTacn TG g, tov dgova XX Kot Tig

evbeieg X =1 xon X =5.
Movadeg [(6+6+6)+7]=25

xZ, avx <0

Aiveton 1 ovvapmon fpe f(x)= {1_00\,); avx >0

a. No e&etdoete av n cuvaptnon T eivar cuveyng oto 0.
B. No vroloyicete 10 eufadd Tov Ywpiov oL TepIKAeieToL PLETAED TG YPOUPIKNG TOPAGTAOTG

me T, tov G€ova XX kot TV £vbeIdY X = -2 KoL X = 7.
Movéadeg (7+18)=25

3.7 EpBadov eminmedou ywpiovu
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3.7 EMBAAON ENINEAOY XQPIOY (32)

]

Atvetal | TOADOVUUIKT GLVAPTNON
P(x) =x*+3x* —Ax+1, 6mov LeR.

a. No anodeilete 60T1 1 P(X) mapovoidler onpeio kopmng yio kébe L e R kot va Bpeite 11g

GLVTETAYUEVEG TOV onueiov kaunrng K.

B. Na Ppeite yia moleg tipéc tov A 1 P(X) mopovotdlel tomikd okpoOTATO Kol Vo,
TPOGO10piceTE TO 100G TOLG,.
v. ‘Eoto 6t K(-1,A+3) kot 61t  P(X) mopovoidlel tomkd axpdtota otig 0écecX,, X, , He
X, <=-1<X,.
I.  Na Bpeite mv e&iocwon g epantopévng (&) ™mg C, oto onueio K kot kotdmv va
attoloynoete 6t Bpioketor 610 20 Kot 40 TETAPTNUOPLO.
ii. No omodeiéete 61t t0 epPaddv E; mov mepuckeieton petady tov (¢) , C, kot tov
gubetdv X =X, X =-1 givan ico pe 1o epPfadov E, mov mepicheieton petadd tov (g)
C, kot tov evbeldv X = X,, X =-1.

Movadeg [6+6+(5+8)]=25

3.7 EMBadov emimedou xwpiou

‘m
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270 TOPOKAT® GYNUA, OIVETAL 1] YPOPIKT TOPAGTOCT) THG CLVAPTNONG

Kot ot evbeieg pe e€lomoelg X =—1 kot X =1 o1 omoieg tévouv Tov pev a&ova XX ota onueia
A ka1 B avtiotorya, v d¢ ypaewn ntoapdotacn g f ota onueia E kot A avtictoyo.

H ypagwf mtopdotacn g f téuvet tov d€ova Yy oto onueio I'.

(" )

A 4

\_ /

o. No amodeiete 0Tl M €QATTOUEVT) TG YPOUPIKNG TAPACTACNS TNG GLVAPTNONG f(x) 610
onueio A, gtvon n gvbeia I'A.

B. No amodeitete 0TL 610 ddoTnUA [0,1] 1N YPOQIKY Tapdotacn g cvvaptnong T Ppioketon

whve amd v evbeia T'A, pe e€aipeon ta kowd Tovg onpeio I' kot A.

y. No omodei&ete 6tL

Movéadeg (8+7+10)=25

3.7 EMBadov emimedou xwpiou
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OEMA A

Aiveton 1 yvnoiong avéovoa cuvaptmon f, pe tomo f(X) =

a. Na Bpeite to ochvoro Tiwmv e T .
B. Na Bpeite v avtiotpoen g f.
Y. Xt0 mapakdtm oynpoe divovrar ot kopmvreg C,,C, .

¥
4

35
3

25

05 /W/’ 1 15 2 25 3 35 4 45 5 55 6 55 7
X

0.5

Me dedopéva 0Tt
e 1 pio omd T1¢ 600 KOUTOAEG avTioToLyEl otV Ypoeikh tapdotacn g ' kou n dAin
otV Ypaikn Tapdotoon e

. _(f f(x)dx =a

2
Noa Bpeite:
i. Tlow xopumOAn mapiotdvel v ypoeikn mopdotacn thg f kol mow v ypoaeikn
napéotoon me 7,

1
ii. To mpoonuo tov o KabmG kat To OAoKApoua 1= jf (x)dx cvvoptiosl Tov a.
0

Movéadeg [7+7+(4+7)]=25

3.7 EpuBadov semimedou xwpiou
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Aivetar n cuvapTnon

f(X)Z—X+1+eiX,XER.

o. Na amooeyBel 6t 1 evbela Y =—-X+1 elvor TAGY1 AGOUTTOTN TNG YPOPIKNG TOPACTAONG
™m¢ f oto +oo.
B. No amodeydei 6T1 M e&lcwon f (X) =0 ¢&yet axppog pa piCo p , n onolo elvar peyorvtepn

Tov 1.

v. Na anoderydei 6t1 to epfadd E 1ov ympiov Q mov mepukdeietar amd Tn YpAQIKY TOPAGTOON

g ovvaptnong T, tov Gova XX kot 11g evbeieg X =1, X =p 1co0TON pE

2
E(Q)=- (p _21) —(p—1)+e™ TeTpaywvikég povades.

Movaéadeg (7+9+9)=25

Aivetar n cuvaptnon

f(x)=Inx+e*, x>0.
a. No amodeilete 6Tin T givan yynoing avéovoa 610 (O, +oo) .

B. No anodei&ete 0t1L 1 ypopikn Topdotacn g T téuvel akpifoc o éva onueio A tov dova

X'X , pe teTunpévn X, €(0,1).

v. No arodeiete 011 10 uPaddv E tov ympiov mov opiletal amd v ypoeikn Topdotocn g
f, tov dova X'x kou v evbeia pe eGiowon x =1, eivar  E=e+(x,—-1)(1-Inx,).

Movéadeg (6+9+10)=25

100

3.7 EMBadov emimedou xwpiou
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Aivovton ot ouvaptioeig: f(x)=e™, g(x)="F(x)-nux, x €[0,2x].

a. Noa omodeiete 011 o1 ypagikéc mapactdoelc tov F,g &ovv povadikd kowod onueio 1o
A(g,ezj , 070 diaoTnpo 0piopod Tovg [0, 27].

B. Na omodeifete O0TL Ol YPOPIKEG TOPOOTACE TV cvvaptioewy  f,g déyoviar kown

EQUTTOUEVT] GTO GNUELD TOUTG TOVG.

y. Na vroloyicete to gpfadov Tov ywpiov mov opiletarl amd tov Afova Y'Y Kol TG YPOPIKEG

nopactaceg tov C,C.

Movaéadeg (7+9+9)=25

3n

Bewpovpe T ocvvaptnon f(x)=c51)vx, Xe[g,?] NG omoilag M YPOPIKN TAPAGTOCT

(QOIVETOL OTO TOPOKAT® GYT|LLOL.

(" )

(&)

\ (5:)
o

\_ J

1o onpeio A(g,f (gD Kol B(B?n,f (%D ooy oyediacBei ot epumtopeves (&), (&,)

avtiotorya TG Ypapikng mapdotaong g T, ot omoieg téuvovtat oto onpueio T'.

0. No omodei&ete 011 o1 e6l0G0EG TOV EpumTOpEvOY evbedV (&), (&,) eivar

(g,) y= —X+g ko (g,):y= X_S?n avticTouyo.

101

3.7 EMBadov emimedou xwpiou
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B. No vroloyicete 10 eUPadOV TOL YOPIOL TOL TEPIKAEIETAL OO TNV YPOPIKT TOPACTOCT TNG

f xon Tig evdeies (g, ) kan (g,).

7. Navmohoyicete 1o 6plo  lim -
g F(X)+x—
2

Movadeg (8+9+8)=25)

8.

Atveton n mopayoyioyun covapmonf :R — R, mov elvar tétota, doTe:

1
e 1 ypakh Topdotoon g T, vo gpdrtetoan g g1y = rk oto X, =0.

e sivou KupTr| KO

. f(1)=1.
o. No amoderybel ot
i f(O)zilcouf’(O)=O. ii. IimM:O.
4 Xﬁonux-f(x)

B. Emumiéov divetar 6t m mpmdtn Topdymyog tng T elvon cuveync.
i.  Na anodeifete ot f'(x)>0, ya kabe x €[0,1].
ii. No vmoAoyicete 10 gufadd E 1ov ywpiov mov mepikheietor amd v ypOQEIKn
napdotoon g f', Tov d€ova XX kot tnv evbeion X =1.

Movadeg [(6+7)+(6+6)]=25

0.

‘Eoto ovvapmon f: R — R mopaywyion yio v omoio 1oyvet 6Tt

f'(x) > f(X), yio k@be X e R kou f(0)=0.

‘Eotw eniong n cuvaptnon g(x) =e*f(x).
a. Noa amodeiEete 6T1 M cvvdptnon g eival yynoiog avéovoa oto R.

No arodei&ete 6t f(X) >0 yiwkébe x>0 ko f(X)<0 yakdbe x<0.

Na Mboete Ty e&iowon  f(npx|+1) =f(|x|+1).

> = 0w

Av E 10 gupaddv mov mepicheieton amd
e TN ypo@ikn mapdotacn tng f

e Tov G&ova X'X kot

102

3.7 EMBadov emimedou xwpiou
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e Tigevbeieg X =0 ko X =1,
va amodeiEete 0t E < f(1).

Movéadeg (6+6+7+6)=25

Aiveton ovvaptnon T :[0,2] > R n omoia givar cuveyng oto [0,2], Ttopaymyicun oto (0,2) kot

oyvovv F(1) =1 ko
f(x)-f'(X)=—x+1, yur ke x € (0,2).

Na amodeifete 611 F2(X) = —%x* +2X yo kébe X €[0,2].

8

B. Na omodeifete 6Tt f(X) =+ —X* +2X v k40 X €[0,2].
Y.  A@ob ortodoynoete 0TL 1 ypagikn topaotacn g T eivar nuikdkio pe kévrpo K(1,0) ko

axtiva 1, va T oyedidoete o€ opBokovovikd choTna aEdvmy.

2
6. Na vroloyicete to j f(x)dx.
0

Movéadeg (6+6+7+6)=25

Atvetar n cuvapnon

f(x) = (1-x)np’ (ﬁj, av0<x<1
0 , avx =1
a. No arodeydei 6tL 1 cvvaptnon f eivar cvveyns.
B. No omoderyfei 6T yia kGbe X €[0,1], 1ydet
0<f(x)<1-x.
v. Na amodetydei 6t1 yio 10 epPadd E tov ywpiov Q mov mepucheietan amd
e TN Ypagikn mapdotoor g cvvaptnong f,
e 1oV aEova X'X Kot
e Tigevbeieg Xx=0, x=1

oyveL
1 . .
E< > TETPUYOVIKEG LLOVASES.
Movadeg (9+7+9)=25
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12 @EMA A 3.7 25765

Aivetal n cuvapTnon

f(x)=2Inx+x, x>0

a. Noa omodeifete 6Tt avtioTpépeton kot va Bpeite o medio opiopod me .

Noa Adoegte TV avicmon
fH(x)>x.
7. ‘Eoto g:R — R pio cuveyig ovvaptnon yia v omoia woyvst g(x) =e™ yia ke x # 0.
I.  No anodeiete 61
g(x) =x%", xeR.

Ii. No Bpeite 10 gufadov tov ympiov mwov opiletar amd

e Vv Cg ,

e Tov X'X ka1

* TG KatakOopupeg evbeieg X =-1, x =1.

Movadeg [7+8+(4+6)]=25

13 @EMA A 3.7 26183

BOewpolLe TN GLVAPTNON

X
ep| — |, 0<x<1
¢(4j

L
X

f(x)=

a. No arodeilete 0tin f givan cvveyng oto 1, odAha Oyt mapaywyicyun oto 1.
B. No amodeilete 6Tin T £xel akpiPmg 600 Kpica onpeio oto dSidoTna [0, +oo).
v. Noa anodeciete 01 T0 gpPadov Tov ywpiov mov opileton amd

e TNV ypaikn mapdotacn g T,

e 1oV d&ova XX, tov dEova Yy kot

e v evbeia pe e€lowon X =1,
, In4 , ,
etvar  E =— 1etpayovikég povédec.
T

Movéadeg (8+7+10)=25
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3

1
Aiveton 1 svvaptnon f(x)= —§X3, pe x € (—o0,0] Ko Toyaio onpeio A(a, —%J pe o< 0 g

YPOPIKNG TG TOPACTACTC.
a. No Bpeite v e&iomon g epomtopévng g C,; oto onueio A.

B. 1. "Evamepumolkd A xiveiton katd pnKog TG KOUmTOANG ( . Ay A
y=-5X%
y= —%xs, X <0 3

ninodlovtog v okt kol 0 TpoPoiéac tov emtilet

KkatevBeioy epumpog (6mmG PaiveTal GTO GYNULAL).

B o X

v s NI NI o
Av o pvBudg petafoAng G TETUNUEVNG  TOV Jj ! = _\gdl‘"_/{_/ T )

nepmokoy divetatl amd Tov THTo

of (t) = —a(t),
va Bpeite 1o puOud petafoing g teTunpévng tov onueiov M g axTiG, 6TO0 0TO10
TEPTOVY TO, PMOTO TOL TPOPOAEQ TN YpoViKY oTiypn t,, Katd TV onoia T0 TEPUTOAIKO
Exel tetunuévn —3.
ii. No epunvedoete to TpdoNUO TOL PLOUOD HETOPOANG TNE TETUNUEVNC TOL onueiov M.
v. No Bpeite to gufaddv tov yopiov Q, mov mepikieietal amd TV YPUPIKY TOPAGTOCT TNG
ovvaptnong f, tov d&ova X X kot v epantopévn g C, oto onueio g pe tetunpévn —3.
Movadeg [6+(8+2)+9]=25

105

3.7 EMBadov emimedou xwpiou



TOAA 2024 ONOKAHPQTIKOZ AOrizmoz

Y70 TOPAKAT® oYL dTveTaL 1) YPOPIKN TopdoTtaot T cuvaptnong f (X) =9-x*.

Meta&d ToL YPAPNUATOG TG CLVAPTNONGS Kol TOL optlovTiov dova X'X givorl eyyeypappévo o

opBoydvio ABT'A. Ot kopveég A(X,0) kar A(-X,0) elvor onueio Tov dEova XX , eV 01 KOPLPESG

B(x, f (x)) ko ' (=, f (—x)) eivon onpeio g ypagikiis mapdotacng mg cvvaptnong f.

T(~a, f(~x))

Y

flz)=9—a*

B(x. f())

&xr

/ A(—z,0)

(&}

v

A(:l:,[])\ )

a. Na anodei&ete 611 T0 €uPfadd tov opboywviov ABI'A wg cuviptnon tov X € [0,3] dtvetan

am6 v ovuvapmon  E(x)=18x—2x°.

B. No pehetndei n cvvaptnon E(x) MG TPOG TNV HLOVOTOViaL.

v. No vroloyicete T1g daotdoelg Tov opfoywviov ABT'A, dote avtd va £xel To pHéyoTto

euPado, kot va amodei&ete 6Tl aVTO 1G0VTOL e 1243 TETPAYOVIKEG LOVADEC.

6. No vroloyicete 10 eufadd Tov Ywpiov mwov TepikAeieTon amd

* TNV YPAPIKN TOPAGTOOT TG Guviptnong T,

e tova&ova X'X Kot

o civan eEwtepkd tov opBoywviov ABI'A 6tav 1o euPadd tov maipvel v péylom

TIUTN TOVL.
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Movadeg (6+6+6+7)=25
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Atvetar | mapayoyioyun cvvapmon f: R — Ry v onoia woydovv:

Iimwzo Ko
x—1 Inx
f'(x)=vx*+1 yia kabe x e R.
a. i. Novnoloyioete 10 Iimln—x
x-1 X —1

ii. Na anodeitere om f(1)=0.
B. No omodei&ete dnin e&iowon f(X)=0 &gl pio axpipodg piko.

y. Na Bpeite to Tpdonpo e ovvaptnone f ya kabe x e R.
0. Noa Ppeite 1o guPaddv tov yopiov E, mov mepucheieton petah g ypaeikig mopdotaong
™m¢ ovvaptnong T, tov aova XX kat Twv gvbetdv X =0 ko x =1.

Movéadeg [(3+3)+6+6+7]=25

Aivetar pio ovveyng ovvaptnon f oto didotnpa [-3,2], n oroia dev [ y h
elvar mopaymyicyun oto -1. 10 mapaKdto oynuo dSivetal 1 Ypoeikn cp. 1
nopdotacn g mapaydyov g f.n C, mov oto ddotnua (-1,2]
glval evBOYpappo TUN .
a. Na peletioete ) ovvapmon f og mpog ™ povotovia . o 2
B. No Bpeite: 300 -1 -
I.  Ta kpicwa onueio g T, av vadpyovv, dikatoloymdvtag
TNV AmAVTIOT GG,
\ J

i Tig Béoelg TOMIKOV AKPOTAT®V Kot TO €160G TOVG.

2
v. Avn ' eivan suveyng oto [0,2] kot 1oydet T jf’(x)dx =—4, va.vmohoyioete v Ty f'(2).

0

Movadeg [8+(6+5)+6]=25
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‘Eoto n ouvaptmon T ue

F(x)= —3x%+1, x<0
X3 +3x%+1, x>0

a. No anodei&ete 0t f éxer dvo akppag pileg X,, X, pe x, <0 kot x, >3
B. i. Na e€etdoete av n ovvapnon f mapovoialer kabepio amd T1c TpoimobEéses Tov
Bewpnuartog Rolle oto diotnua [Xl, Xz] ue X, X, ot pifeg g f tov epwTpaTOG (01).
ii. No Ppeite Oha ta & (x,, x,) v ta omoio woyve (&) =0

Y. Av € 1 gpoantopévn G Ypaeikng mapdotacng g T oto onueio pe tetumuévn 2, va
voloyicete 10 gUPadov Tov ympiov oL TEPIKAEiETAL amd T YPAPIKN mapdotacn g T,

v gvbeia € kot v gvbeio X=0.
Movéadeg [12+(4+4)+5]=25

‘Eoto n ovvépmon f pe f(x)=-x*+3x*+1,x20.

o. No amodeitete 0TU
I. H f mapovcidler oto X, =0 Ttomkd €Ady10T0, GTO X, =2 HEYIOTO KO TO onueio
F(l,f(l)) etvar onueio kopmyg g C; .
ii. Taonpeio A(x,,f(x,), B(X,,f(X,) ko I'(x,,f(x;) givar cuveBerard kot 1o onpeio
I' eivon to péco tov tunuatoc AB.
B. No omodeiEete 6t m gvbeia AB opiler pe ) ypogikh mapdotaon e F 600 woepPfadikd yopio.
v. 'Eotw & n epantopévn g C; oto onueio g B, n onola tépver tov d&ova Y’y oto A. Na
amodeiete OtL 10 guPadov Tov Tpry@vov ABA 1Govton pe to gufadov tov ywpiov mov
nepucheieton petagv mg C; , g gvbeiag € kat Tov aEova y’y.

Movéadeg [(9+3)+8+5]=25
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Oe®poVUE TIG GLVAPTICELS

f(x)= xeR xm g(x)=e" pe xeR.

a. Na amodei&te 0T
f(x)=g(x) N kibe xeR .
B. Oswpovpe To onueia B(x, f(x)) Ko F(x, g(x)) pe X >0. H mapdiinin svbeio omd t0
B mpog tov d&ova X’X tépvel tov nuuaEova Oy oto onueio A, evd n mopdiinin gvbeia
a6 to I mpog tov dEova X’X  téuvetl tov nuidEova Oy oto onueio Z.

X3

i, Na anodeifte 61110 epPadov tov opboywviov BIZA givar E(x)==, x>0.
e
ii. No Bpeite yio Tota Ty T0V X, 10 EUPOSOV E(X) yiveton péyroto.
v. Noa amodei&te 6T 10 gpPaddv Tov Ympiov mov opileTon amd
f(x)—g(x
o TV ypogikt Tapdotacn g cuvapmong h(x)= M Kadhe Kat
X

e 11¢ evbeieg pe e€lomoeig X =In2 ko X =1,
2
givar  Inv/2e —— 1eTpayovikég povades.
€

Movéadeg [5+(6+7)+7]=25

Oswpovpe ™ cvvaptnon f pe

f(X)=——22 e xe(0,+).

2

0. No omodei&re 6t f(x)>0 ya kabe x >0 kar 6T n f eivon yvnoing pbivovsa oto (0,+0).
B. Na Avoete v avicmon

In(1+f(x))=In(f(x))>f*(x)f (In2).
y. Noa anodei&ete 6t T0 gUPaddv Tov ywpiov mov opiletar amd

e 1N ypo@ikn mapdotacn g T,
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1
e TG evbeieg pe e€lomoelg X = > x =1 kot

e 1OV GEova XX

) (27)
givan In| — |.
de
Movadeg (9+7+9)=25

Aivetar n cuvapInon

f(x)=x*+5x-2, xeR.
a. 1. Na arodei&ete 611 M ypagikn topdotoon g f téuvel tov d&ova X X og éva udvo
onueio pe teTunpévn X, mov mepéyetat 6to drdotnpa (0, 1).
ii. Noa e&etdoete av o apOpos X, eivor o kovtd oto 0 M) oto 1.

B. NovroAoyicete To 6plo

f(x,+0)x*+2x -5
x>+ f(X,—0)x-5

av X, sivor o opBuog tov epothipatog (o) kot 0 évag Beticog apduog.
v. Na vroAoyicete t0o eufaddov Tov ywpiov mov opiletor amd
e 1 ypawn nopdotacn C, g,
e NV gpantopévn g oto onueio A(L 4) ko

® TNV KATOKOPLET vbeia X = 2.
Movéadeg [(5+4)+9+7]=25

Aivetal n cuvapTnon

f(x):4—xiz, X#0.
0. No Vv HeEAETAGETE MG TPOG T1) LOVOTOVia, TNV KLPTOTNTA Kot Vo Bpeite Tnv optldvTia
QCVUTTOTN TNG YPOUPIKNS Tapdotacng C, g f.
B. Av ov gpantopeves g C, ota onueio A(X,, F(X,)), B(X,, f(x,)) etvar Kkébetec, va

amodeiete 6L X X, =—4.
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Y. XT0 TopaKAT® oynua eoivetal n ypaeikn tapdotacn g f (Stakekoppuévn ypapun) Kot to

opBoydvio ABI'A mov opileton amod
e 1oV G&ova X'X kot

e Tigevbeieg X=1 X=0, a>1 ot

° y =4,
H C; yopilel to opBoydvio ce dvo yopia Q,, Q,.
' . ™
Ya
il [
4 4 g
3| k-
2+ X=
14 £,
—. —— X
-2 -9 A 2 3 (B
o -

i.  No vroloyicete, cuvaptmoet Tov a, Ta epfadd E(Q,), E(Q,) tov yopimv.

No Bpeite ya mowa Tun Tov a wyver E(Q,) =E(Q,).

ii.
Movadeg [9+6+(5+5)]=25

H mopafoin tov moapokdtom oynuoatog SiEpyeTal amd v apyn TV aEdvov, 11 Kopuen g eivol

10 onueio K(2, 2) ko givon 1 ypopikn mapdotoot Tne mapoydyov pag cuvéptong F:R - R.

-

-~
A

\

a. No orodeiEete 6t f'(X) = —%Xz +2X, XeR.
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B. Avnypagun tapdotacn g f téuver tov aova y'y oto onueio A(0, 1), va amodei&ete 0Tt
f(x) = —%x:‘ +x%+1

Oeopodue emmiéov T cuvapmon g(xX) = X°+X+1-nux, XxeR
y. I No anodsiEete 6TL 1| Ypopikh Tapdotacns e g eival Tvm omd T YPopiKy TopdoTooT
me Ty kdbe x >0.
Ii. No vroloyicete 10 gufadov Tov ywpiov mov opiletot amod

o 115 C, Cg Ko

e Tigevbeieg X=0 ko X=7.
Movadeg [8+6+(6+5)]=25

x> +x+1, -1<x<1
Osmpodpe ™ ovvapon f(x)= (Inx)2 .
I+—m—, x>1
X

a. No amodeifete 6tn f eivar cvveyng, alhd pn Toapayoyioyn cto X, =1.
B. No Bpeite to kpicua onueio g f.

y. Aivetonn cuvapton g(x)=e.

Na vroAoyiote 10 euPaddv Tov ywpiov wov opileTon amd

*  TIG YPAPIKES TOPAGTAGEL TOV cuvaptioemy f(X), g(Xx) ka

e TG evbeieg pe elomoeic X =1 ko X =e.

Movadeg (9+7+9)=25

210 TapaKATm oy EXovUE Eva 0pBoYdOVIO GVGTNO GLVTETOYUEVOV, GTO 0TT010 ametkovileTon

pe aypoikio oty Béon B tov apvnrikod nuidEova OX'.
Avtikd g aypoikiog, katd pnKog tov Betikov nuidéova OX , vdpyet £vag AOPOS, TO VYOG TOV

omoiov divetal amd TN GVVAPTHOoN
f(x) =X y1a x>0.

O\eg o1 cuvteTaypéveg LETPOVVTOL GE PETPOL.
Kobnhg 0o nAog apyilet va dvel, 0 AO@og piyvel otnv medidda v okid tov OX, 1 omoia Kot

HEYOADVEL [LE TNV TTAPOJO TOL YPpdVoL T, OT®G PaiveTal GTO GYNLLO.
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Bewpovpe t=0 ™ otryun mov o NMog piyverl kabeta t1g axtiveg Tov 6to onueio O tov AOPOV,

EVM 0TI GLVEYELD KIVOVIEVOS TTPOG Ta SVTIKG, apyilel va dnpovpyeital n oKid.

Ac givar & = PO,

o >

(e)

, Avtikad X
Avatolkd

o. Avrtoonueio P éyel ovvtetayuéveg P (XP . Yp ) , VoL 0modei&ete OTL 1) TETUNUEV TOV onpEiov
X gtvot Xy =—X, .

1
B. Na amodeitete 6t1 KGO ypovikn otiyuq t >0 1oydet s(p(co(t)) = %(xp (t))_5 :

v. Na Bpeite mdéco ypryopa peyaimdvel n okl (OZ) ™M YpovikY| otyun t, xatd tnv omoia ot

aKTiveg TOv NAOV oynuatilovy yovia © = 5 pe tov opovto d&ova, VA QT TN XPOVIKY|

1
otiyun t, nyovio o peidverar pe poOpod 6 rad ovd Aemto.

Atveton 611 =1+e9’0.

ouvi®m

Movéadeg (8+7+10)=25

113

3.7 EMBadov emimedou xwpiou



TOAA 2024 ONOKAHPQTIKOZ AOrizmoz

210 Suwmhavo oynuo  dlvetor M yYpOoQIKN

TOPAcTOCT)  HOG  GLVEXOVS KOl YvNGimG 0.; !
avéovoag cvvaptnong ' pe nedio opiopov to e
[0,1], n omoia diépyetar and ta onpeia (0,0) 0.7

ko (L,1). 06 f

To ywpio Q wepieietar amd iés
0.4
e 10V Géova Yy’ £
e v evbela Y=1 ko 0.2
e ypagn mapdotoon e T . o

0.2 -01 01 02 03 04 05 06 07 08 09 1

a. No anodeifete 6L 1 suvapon f sivon avrictpéyun ko vo Bpeite o medio opropod mc
B. No petagépete otV KOALL GOG TO TOPOUKATO GYNLUA KOl oXEOAGETE GE AVTO TN YPAPIKY|

napdotaon me .
i 1
y. No anodei&ete 0Tt If (x)dx < >
0

8. Av @sopicovps 6t ™ eivon cuveyig af10motdVTaS TO TAPUKATED GYNHOL VoL ATOSEIEETE OTL

i j.f‘l(x)dx =1—j.f(x)dx :

1
. EQ)= _[ £ (x)dx , 6mov E(Q) 10 eufadov tov ympiov Q.
0

Movadeg [5+5+5+(5+5)]=25
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OEMA A

T

71:g n
‘Ecto | :—J.nuzxdx Kot J :—jcmvzxdx.
2 0 2 0

2
, . T
o. No amodeiete 0Tt 1+J = e

, . U , . . .
B. Me ypnon g avtkatdotoong U =§—X vo amodeifete 01t I=J Ko Kotdmv OTL

. , . , . . T 2
Y. Xt0 mapokdto oyfpo divetol n ypagikn mopdotacn C, g cvvaptnong f(X) :Enu X

0T0 ot {O,g] H evbela OA tépver m C; ota onpeia O(0,0),A(g,g),

K(x,,f(x,)) xatopiler pe m C; ta yopio Q,Q,. Na anodeifete 011 :

A
™2
K
I
I
|
o i
0 Xo w2

I. 1o euPadov mov mepwkieieton petagy mg C,, tov dfova Yy kot g evbeiog y=g

glvarto J.
ii. o epPadd tov yopiov Q,Q, eivar ioa .

Movéadeg [6+7+(6+6)]=25
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270 TAPOKAT® oYM divovton

ot ypagikég mapactdcelg C,,

C,, C, tp1dv cvvopticemv f

, T xon F , 6mov F pio apyikn

mg f oto R . Aivetan

emiong 6t n C,; téuver tov

G&ovayy oto onueio pe

tetoypévn 1 evo - C,

OEPYETOL Ao TNV OpYN TOV

aEovav Kot TEUVEL Tov déoval i
XX oe 800 axdun onueia pe 2 45 1 05 of] | oA |15 2 25 3
TETUNUEVEC %, 1. Mg dedopévo =
6Tt o twmog ¢ f sivan c &
f(X)=4x>-6x"+2x w01 1 2 fis Cy
YPOQIKN NG Topdotoacn givol )
nGC,,
=29

0. Vo peletnoete, e ) fondela Tov GYNUATOG N} LE OTOOVONTOTE AAAO TPOTO, TN GLVAPTN O
F @g mpo tnv povotovio Kot to aKpOTaTa.

B. vo dwatoroynoete ywati n ypagkn ntapdstoon C, avtiotoryel oty cvvéptnon F.
Y. vo Bpeite Tov TON0 TV cvvaptioswv T kot F.

6. vo Bpeite to epPadov Tov ympiov Tov mepikieicton peta&d Tov Glova X'X Kol TG YPUPIKNIG
napdotaong e cvvaptnong f.

Movéadeg (7+6+6+6)=25
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Osmpodpe ™V napayoyioun cvvapmon f:[a,p] >R, pe >0 xu f(x)>0,

Y1 ké0e X < [o,B], Y10y omoiat emmhéov Yvapilovpe ot
e Hovvapmon f'(x) eivar covexic oto [a,B].

. Iixf (x)f'(x)dx =—-In2.

o Bf*(B)=af?(a).

o f'(x)#0 yonxébe x e[a,p].

o. Noa amodeiEete OTL LVTAPYEL ONUELD TNG YPAPIKNG TAPAGTACTG TNG CLVAPTNONG

g(x)=xf*(x), xe[o,p] ot0 omoio n epantopévn evbeio eivor mapdAnin mpog Tov

d&ova X'X.
B. No amodeiete 0TL T0 eUPaddv ToL ywPiov oV opileTon Omd TV YPAPIKN TAPAGTACT TNG

ovvaptnong f? (X) Kot Tov aova X' X, givar Ind tetpayovikéc Lovadeg.
y. No armodeite 6t ovvapmon T eivor yvnoimg pbivovoa 6to [a,B] .

6. "Eotm 6tim ovvaptmon G eivar pa apykn g f oto [a,B].

<f(a).

Movadeg (5+7+6+7)=25

Aivetal 1 cvvapTnon Ue

G(x)-G(a)

Na anodsitete 01y kGe X € (@,B] 1oydet
X—-a

f(x)=¢epx—1, x €|:0,§).

o. No amodeilete 6T 1 e&iocwon

nux = (1+x)oovx

. . a C s T T
€xel o akp1Pmg AHOM GTO OVOIKTO OLUGTLLOL (Z : Ej

B. Na Bpeite to Tpdonuo ¢ cvvaptnong T yia OAeg TIc Tpaypatikég TIHéEG Tov X € {O, gj .

y. Noa vroroyicete to eufadd Tov ywpiov Tov mepkAeieTon
e and N YpoeiKn Topdotacn thg cvvaptnong f
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, T
e Ticevfeiec X =0, X =— kot

e 71OV Géova X'X.
Movadeg (8+8+9)=25

Oempovue T ovvaptioelg T, g xar h pe

f(x)=€", g(x)=e+1 «xm
h(x)=e"+x+1, x e(—x,0].
a. No peletioete ) cvvaptnon h g mpog tn povotovia kat TV KuptdTNTO. KO VoL Bpeite 1o
GUVOAO TUL®V TNG.
B. Zto mopoakdtom oynuo dtvovion 4 Ypopikeég TapacTacELS CUVAPTICEDMY, Ol

C,,C,,C; ko1 C,

No avtiototyicete og kabe pio omd T cvvaptioelg f,gkath ™ ypagikn g mopdotacn,
emAéyovrag petaly tov C,,C,,C, kou C, v KoTdAANAN Ko VoL SIKOOAOYGETE TAYPOG
TNV EMA0YN COG.
v. No anodeilete 011, 1| kapwdAn C, yopilel to xopilo mov mepikieieton

e ano g koumvreg C, ko C, won

®  TIC KaTaKOpLEES gvbeieg X= -1 ko X=0
og 000 oepuPadikd ywpia.

Movéadeg (9+9+7)=25
118

3.7 EMBadov emimedou xwpiou
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, , 2023- Xy 20 o ,
Aiveton ) ovvéptnon f(x) = X , N omoia eivan cuveync oto R.
o, x=0
o. No deitete 0L 0. =2022.

B. No Bpeite to lim f(X).

y. Na Aoete v e€icoon f(x) =2022.
Movéoeg (7+8+10)=25

Atvetar m ovveyng ocvvapton f:R - R, tétown dote limf (x) =K, pexeR.

x—0

Av gmmhéov oydet 6Tt X (X) <mu2x yokébe X € R, 1618

MH2x _,
X

a. No omodeifete 6t lim
x—0

B. Noa amodeiEete 6T1 K =2.
. Na Bpeite 1o f(0).
0. Noa eléyEete v oAnbeto TOL TAPOKATO 1GYLPICUOV:

=—f (X)g(';X Kovtd oto 0 7
X

“ epx
-5

Noa 01KOOAOYNGETE TOV IGYVPICUO GG,
Movadeg (4+9+4+8)=25

Y10 Outhavd oynuo.  Olvovtolr Ol YPOPIKES y

2

napactdces C,, C,, C, tpidv cvvapticewv f , .
, T xar F , 6mov F pia apyucny g f oto R.

Atveton emiong 0tt ot C, ko C, diépyovron amd "

mv opyn Tov afovov. Me dedopévo 0TL 0 TOTOG -
mg f eivon F(X)=4x%-2x Ko1 n ypagn g

nopdaoctaon etvarn C,,
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Vo LEAETNOETE, e TN Ponfela Tov GYNHOTOC, T cvvaptnon F ¢ mpog tn povotovia kot to

aKpOTOTOL.
va dikatoAoyfoete yati 1 ypaikn mopdotacn C, aviietoyel oty cvvdptnon F.
va. Bpeite Tov TOMO TV cuvapthoewv T ko F.

Movéadeg (7+6+12)=25

f(x
Atvetar m ovveyng ocovaptnon f:R — R 1éto1a, dote:  lim (QJ =0.

x—0

npX

Na anodeitete ot f(0)=0.

Na anodsitete 6L n f eivon mapaywyioyn oto X, =0 pe f'(0)=0.

Osopobvpe ™ ovvapmmon g(x)=F(x)-nux, xeR.

I.  Noa mpoodiopicete TNV e&lc®ON TG EPATTOUEVNG TNG YPOUPIKNG TAPAGTACNC TG
oLVAPTNONG J, 6TO oHueio (0, g (0)) .

ii. No anodeiEete 60TL 1 cLVAPTNON § dEV Elvar KVPTY.

Movadeg [8+8+(4+5)]=25

Aivetarn ovvapnon f(x)=1-2Inx, x>0.

a.

Noa Bpeite:
i. Trmv povotovia tng cuvaptnong f.

ii. To mpoonuo tcf.

: G , In x o , 51

I. No dei&ete 6TL M CLVAPTNON O (X) =—, X>0.&e uéyrom ruf myv g| e? |= %"
X (S]

Il. No Bpeite T0 GUVOLO TIUOV THG GLVAPTNONG -

Movéadeg [(5+7)+(7+6)]=25
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